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ANALYTICAL INVESTIGATIONS OF ELECTROMAGNETIC LOCATION
SCHEMES RELEVANT TO MINE RESCUE

PART I -~ EXECUTIVE SUMMARY
Prepared by D.A., Hill

ABSTRACT - This volume contains a summary of the results of past analyses
on U.S. Bureau of Mines Contract No. H0I122061 which are relevant to
electromagnetiec location in mine rescue gituations. The analytical
resulte indicated that detection of a trapped miner equipped with a
spectal transmitter is feasible in most situations. Location of the
miner by surface measurements is also generally feasible within cer-
tain errors., The feasibility of miner detection and the accuracy of
miner location have been examined theoretically for a wide variety
of situations. Agreement with experimental resultis is generally
good in cases where measurements are available.

Personnel involved in the investigation inelude J.R. Wait
(Principal Investtgator), D.A. Hill (Co-Principal Investigator),
K.P, Spies, 4.Q. Howard, and Lana Slusher (Administrative Assiatant).
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PART II - Collected Reprints - ANALYTICAL INVESTIGATION OF ELECTROMAGNETIC
LOCATION SCHEMES RELEVANT TO MINE RESCUE (follows Part I)

1. INTRODUCTION

The purpose of this report is to organize and summarize the results and
conclusions of past analytical investigations of electromagnetic location
schemes which are relevant to mine rescue. Mathematical details are included
in Part II that contains a complete collection of reprints of publicatioms
which have emanated from U.S. Bureau of Mines Contract No. H0122061. Refer-
ences to these specific publications are identified by an asterisk whenever
they appear in Part I.

For convenience, the contents of Part I have been organized according to
the antenna types, sources, and geometries involved. However, the possible
application of the specific configuration to electromagnetic location is dis-
cussed in each case. Also, related application of the analytical results by
other investigators to electromagnetic location is included wherever approp—
riate. Location here is defined in the broad sense so that electromagnetic
detection and through-the-earth communications are also applications which
are included. A brief review of analytical techniques related to propagation
in the earth was recently given by Wait (1974%),

2, CW TRANSMISSTON WITH LOOP ANTENNAS

Transmitting antennas that have proved successful in location tests have
consisted of either single turn or multiple turn loops usually deployved in a
horizontal plane on mine floors. Normally, the loop is sufficiently small
that it can be treated as a magnetic dipole. The magnetic moment is NIA
where N is the number of turmns, I is the loop current, and A 1s the loop area.

2.1 Horizontal Loop (Vertical Magnetic Dipole)

The null location method utilizes a loop antenna wuich is deployed by the
miner in the horizontal plane and excited by a CW transmitter at a relatively
low frequency. As shown in Fig. 1, a null in the horizontal magnetic field
exlsts directly above the transmitting loops. A small loop recelving antenna
can be used to search for the null at the earth's surface, and the performance
of an actual system has been evaluated experimentally in both coal and hardrock
mines (Large et al, 1973; Farstad, 1973a; Olsen and Farstad, 1973). Essen-
tially the same method has also been used to survey underground quarries
(Gabillard et al, 1973).



2.1.1 Homogeneous Earth

The surface magnetic fields of a small buried horizontal loop (vertical
magnetic dipole) have been examined analytically by Wait (197la*,b*) for a
homogeneous half-space model of the earth. He has shown that the location
of the loop can be determined from the complex ratio of the horizontal to
vertical magnetic field at a point on the surface provided that the frequency
is sufficiently low that the fields have a static-like behavior. Even if the
usual null search were used, the information contained in the complex ratio
might be useful in reducing the time required in the search for the null in
the horizontal magnetic f£ield. The above formulation and numerical results
can also be applied to downlink transmission by application of reciprocity.

Although the transmitted field strength is normally computed for a
specified loop current I, the power required to maintain the specified current
is also of importance. In order to calculate the required power, the input
impedance of the loop is required. Wait and Spies (1973a*) have calculated
the input impedance of a loop above a homogenecus earth and related this
impedance to the power requirements for a downlink communication system.

2.1.2 Two~Layer Earth

Wait and Spiles (1971a*) have also considered the effect of earth layering
on the location configuration in Fig. 1 by computing the complex magnetic field
ratio at the surface when the vertical magnetic dipole is located in a two-
layer earth. The null in the horizontal magnetic field is unaffected, but the
structure of the fields away from the null is considerably modified unless the
frequency is sufficiently low.

2.2 Vertical Loop (Horizontal Magnetic Dipole)

Wait (1972a*) has also considered the surface magnetic fields of a
buried vertical loop (horizontsl magnetic dipole). The primary advantage of
the horizontal magnetic dipole in location is that the overhead null occurs
in the vertical rather than the horizontal magnetic field as shown in Fig. 2.
Consequently, the atmospheric noise which has a smaller vertical component is
less of a problem. The disadvantages of a horizontal magnetic dipole are that
the surface null is a line rather than a point and that a vertical loop con~
figuration may be more difficult for a trapped miner to implement {Farstad,
1973b).

Another reason that the analytical solution for the horizontal magnetic
dipole is useful is that it can be combined with the vertical magnetic dipole
solution to yield the solution for a magnetic dipole at an arbitrary orien-
tation with respect to the earth surface. Consequently, the effect of a
tilted tunnel or earth surface on location can be estimated. Such effects
have been examined both analytically and experimentally by Olsen and Farstad
(1973).

3. CW TRANSMISSION WITH LINEAR ANTENNAS

The horizontal wire antenna has been shown experimentally to be effective
for both downlink (Geyer, 1973; Olsen and Farstad, 1973) and uplink (Farstad,
1973c) transmission. One disadvantage of the horizontal wire antenna is that
some type of grounding is required at the ends in order to allow sufficient
current flow. However, Farstad (1973c¢c) has successfully demonstrated the
use of roof bolts for grounding in uplink tramsmission.



3.1 Infinite Line Source

The two-dimensional infinite line source model has analytical advantages
over the more realistic finite line source considered later, The two-dimen-
sional model is valid when the wire is sufficiently long and the observer is
not located near either end.

3.1.1 Flat Homogeneous Earth

The subsurface fields of a line source on a homogeneous half space have
been analyzed by Wait and Spies (1971b%*), and numerical values have been com—
puted for a wide range of parameters. The complex ratio of the vertical to
horizontal magnetic field has been shown to be diagnostic of the position of
the receiver relative to the source. A location scheme involving two line
gources, one with variable excitation, has been described by Wait (1971c*).
By changing one line current, a null in the vertical magnetic field can be
swept through the earth. Where the miner detects a null in the vertical
field, he signals to the surface. Such signaling could perhaps be done
seismically by a hammer blow.

3.1.2 Two-Layer Earth

The subsurface fields of a line over a two-layer earth have also been
analyzed by Wait and Spies (1973b). The numerical calculations reveal that
the subsurface field structure can be considerably modified by the layering.

3.1.3 Curved Earth

The feature of a curved earth has been treated analytically (Wait, 1971d;
Wait and Wilkerson, 1972) by treating the problem of radiation of a line source
at the surface of a circular cylinder. The radius of the cylinder is chosen
to match the radius of curvature of the local topography. The calculations
indicate that small curvatures have little effect on the subsurface fields,
but that large curvature affects both field structures and magnitudes.

3.2 Finite Length Line Source

In order to handle the finite length line source analytically, the antenna
is subdivided into short pieces, and the total fields are summed numerically.
The antenna is assumed to carry constant current which is normally a valid
assumption for insulated antennas grounded at the ends.

3.2.1 Downlink Transmission

The formulation of the subsurface magnetic field has been simplified
for efficient computation for the case of a line source located on the
surface of a homogeneous half-space (Hill and Wait, 1973a*). Calculations
reveal that for a cable length roughly twice the obser- :r depth, the fields below
the cabhle center are essentlally those of an infinite line source. This has
an important practical implication in that nothing is to be gained in field
strength by making the cable longer. However, a longer cable will result
in greater volume coverage. The subsurface electric fields of the same
configurations have also been computed (Hill and Wait, 1973b*). The electric
fields are important when reception is with a grounded cable rather than a
loop (Geyer, 1973).



3.2.2 Uplink Transmission

The horizontal wire antenna has also been shown to be useful in uplink
transmission where roof bolts can sometimes provide convenient grounding
points. In order to account for possible tilts in either the tunnel or the
earth surface, the case of a tilted finite line source as shown in Fig. 3
has been analyzed (Hill, 1973a*). Calculations of the magnetic field compon-
ents at the surface were made for a wide variety of parameters. These are
the components of interest in miner detection and location when small loops
are used for reception. Measurements by Farstad {1973c) for a horizontal
wire in a hardrock mine have demonstrated good signal detection for antenna
depths greater than 3000 ft. 1In fact, the location of the overhead null in
the vertical fileld, that may be useful in location, was also shown to be
feasible in rough terrain. Calculations indicate that the infinite wire
result is not reached until the cable length is several times greater than
the cable depth. Thus, the cable should generally be made as long as possible
to achieve maximum signal strength.

4. PULSE TRANSMISSION WITH LOOP ANTENNAS

It is also possible to pulse or shock excite a loop antenna for use in
electromagnetic location. 1In this case the loop current is a pulse waveform
rather than a CW or time-harmonic waveform. The transmitter could be a single
battery-switch combination or a more sophisticated waveform generator.

4.1 Horizontal Loop

The geometry of interest in locatlion is the same as that shown in Fig. 1
for the buriled transmitting loop. An overhead null exists in the horizontal
magnetic field as it did in the CW case, and a pulse system has been tested
using the null technique (Sturgill, 1973). However, the waveshape distortion
which occurs in propagation to the surface contains information on the loop
location including the depth. No experimental attempt has yet been made to
utilize the waveshape information. The remainder of this chapter summarizes
the analytical results available. All the results assume a homogeneous half-
space model for the earth and an earth conductivity which is independent of
frequency.

4.1.1 Vertical Magnetic Dipole

Ag in the CW case, the solution simplifies when the loop is sufficiently
small to be treated as a magnetic dipole. The case of an impulsive or delta
function loop current was treated first (Wait and Hill, 1971%) because it is
the most basic transient excitation. Calculations of the vertical and hori-
zontal magnetic field waveforms at the surface wera performed for a wide
variety of parameters. It was shown that the waveshapes contain information
on the loop location and that a knowledge of earth conductivity is an aid in
interpreting the waveshape information. Similar results for step~function
excitation have been obtained by integration of the impulse response (Wait
and Hill, 1972a*). These waveforms contain an equal amount of location
information. An exponential excitation is alsoc of interest since it is the
current waveform which results from discharge of a capacitor into a resistive
loop. Responses for exponential excitation have been obtained from Impulse
responses by convolution (Wait and Hill, 1972b%*). The waveshapes are influ-
enced by the time constant of the exponential, but the location information
is preserved.



The possibility of passive detection and location has alsoc been analyzed
for the configuration shown in Fig. 4 (Hill and Wait, 1973c*). The transmitt-
ing loop at the surface sends out a pulse which excites a current in the scat-
tering loop which is set up by the trapped miner. This current reradiates, and
the receiving loop (or loops) at the surface hopefully detects this reradiated
field. Calculations reveal that the reradiated signal contains location infor-
mation but is of very low strength. A more practical system might allow the
miner to modulate the loop impedance in some manner while some sophisticated
signal processing is employed at the surface to increase the signal to noise
ratio. This 1dea has never been explored theoretically or experimentally,
but there still appears to be some interest 1ln passive detection (Farstad,
1973b). The obvious advantage is that no power is required by the miner.

4,1.2 Finite Size Loop

It 1s often desirable to make the transmitting loop quite large in order to
increase signal strength, particularly in the downlink case where a large
area is normally available. In such cases, the usual magnetic dipole approxi-
mation may not be valid and the finite loop must be taken into consideration.
Calculations of the transient magnetic fields (both uplink and downlink con-
figurations) have been made for various size loops by Wait and Hill (1972c¥*).
In general, the response waveforms are more spread out and less peaked as the
loop size is increased.

4.2 Vertical Loop (Horizontal Magnetic Dipole)

As in the CW case, there are two main reasons for analyzing the pulsed
horizontal magnetic dipole. First, it may be a useful source for location
because it has an overhead null in the vertical magnetic fleld for which
atmospheric noise is less of a problem. Second, the solutlon can be com-
bined with that of the vertical magnetic dipole to yield the solution for a
magnetic dipole at an arbitrary angle to the earth-ailr interface. The con-
figuration which has been analyzed (Hill, 1973b%*) is that shown in Fig. 2,
and the loop current was an impulse. The surface magnetic field waveforms
were computed and were found to contain information on loop location.

5. PULSE TRANSMISSION WITH LINEAR ANTENNAS

As with loops, only a small amount of experimental data is available for
transmission of pulses with horizontal wire antennas (Geyer, 1973). 1In this
chapter we summarize the limited analytical results available for downlink
transmission of pulses with line sources. Similar results could be obtained
for uplink transmission if the information becomes necessary.

5.1 Infinite Line Source

The simplified two-dimensional model of an infinite line source on a
homogeneous half-space has been analyzed by Hill and Wait (1974a*). The
subsurface electric and magnetic field waveforms were computed for an impul-
sive source current, and the waveforms were generally found to be stretched
out and attenuated as the observer moves away from the source. If desired,
results for other current waveforms could be obtained by convolution.

5.2 Finite-Length Line Source

A finite-length line source on a homogeneous half-space has also been
considered (Hill and Wait, 1973b*). The subsurface electric field components
were calculated for a step—-function current. The horizontal electriec fleld



corresponds to the component measured by Geyer (1973) with a grounded cable
recelver, and at least quantitative agreement was obtained for the waveshape.

6. SCATTERING BY OBSTACLES

Generally the overburden is not homogenecus, and inhomogeneities can dis-
tort fields and cause errors in source location. Layered earth models which
were mentioned earlier mainly provide insight into field strength effects.
Such models provide no prediction in source location errors because their
horizontal uniformity does not produce any shift in the overhead null., To
examine source location errors, models which are nonuniform in at least one
horizontal direction are required.

6.1 Two-Dimensional Geometry

Even two-dimensional geometries can be quite complicated analytically
because of the effect of the air-earth interface on the scattering by a
cylindrical inhomogeniety. A problem which has been successfully treated by
Wait (1972b*) and Howard (1972%*) using different methods is illustrated in
Fig. 5. A line source is located at the surface, and a circular cylindrical
inhomogeniety (which could represent a pipe, rail, or elongated ore body)
causes a distortion of the subsurface field. Such distortion could affect
the feasibility of the location scheme outlined by Walt and Spies (1971b%)
which relies on the complex ratio of the vertical to horizontal magnetic
field to determine position. The solutions of Wait (1972b%) and Howard (1972%)
agree quite closely in a common range of validity, and their numerical results
indicate significant location errors for certain ranges of parameters.

6.2 Three-Dimensional Geometry

Three-dimensional geometries are of such complexity that either an approxi-
mate or a highly numerical treatment is required. A given configuration can
be made three~dimensional by the introduction of a finite source {such as a
magnetic dipole) even though the inhomogeneity may be two-dimensional (such
as a long pipe). For example, Stoyer (1974) has recently treated the effect
of a half-layer on the fields of a buried vertical magnetic dipole. The
geometry is shown in Fig. 6, and the filelds are three-dimensional even though
the overburden is two-dimensional. Stoyer's calculations reveal that signifi-
cant location errors can occur unless the dipole is located far away from the
layer boundary. The remainder of this chapter will deal with various approxi-
mate techniques applied to a number of different inhomogenieties.

6.2.1 Cylindrical Obstacle

The effect of an infinite circular cylinder eon the surface magnetic fields
of a buried vertical magnetic dipole has been examined by Hill and Wait (1973,
d*). The geometry is as shown in Fig. 7. The conductivity of the cylinder
is arbitrary, but the frequency is assumed to be sufficiently low that currents
in the overburden can be neglected. Calculations reveal that significant
location errors can result if the cylinder is gufficiently close to the inter-
face. A rather complicated treatment of the problem which considers over-
burden currents and the air-earth interface effect has been presented by
Howard (1973).



The effect of a finite-length cylinder has also been considered in an
approximate treatment. The geometry is similar to that of Fig. 7 except that
the infinite cylinder is now of finite length and the small loop source is
replaced by either a finite-length line source (Wait and Hill, 1973%) or a
lang narrow loop (Hill and Wait, 1972*), Calculations again reveal signifi-
cant location errors when the cylinder is near the surface. Also, the cal-
culations reveal that the cylinder must be extremely long before the results
approach those of an infinite cylinder.

6.2.2 Spherical Obstacle

The effect of a spherical obstacle (such as an ore zone) on the surface
magnetic fields of a buried vertical magnetic dipole has also been examined
(Hill and Wait, 1973e*), and overburden currents are included in the treat-
ment. The geometry is the same as that in Fig. 7 except that the cylinder is
replaced by a sphere. The calculations reveal that location errors caused
by small spheres are small.

The above treatment has been specifically applied to the calculation of the
the shift in the null of the horizontal magnetic field when the sphere is
near the surface (Hill, 1974%*}., Such a treatment could apply to man-made
obstacles such as vehicles or machinery. The calculations reveal some second-
ary nulls in some cases, but the null shifts are still small for vehicle-size
obstacles. Farstad (1973c) has observed experimentally that the presence of
a van has only a very localized effect on the surface magnetic fields.

6.2.3 Prolate Spheroidel Obstacle

The effect of a prolate spheroidal obstacle on the surface magnetic
fields of a buried vertical magnetic dipole has alsc been examined (Hiil and
Wait, 1974b%*). The geometry is the same as that in Fig. 7 except that the
cylinder 1s replaced by a prolate spheroild. The prolate sphercid is a useful
shape to analyze because the axial ratio can be varied to obtain shapes
ranging from a sphere to an infinite cylinder. Unfortunately, the mathemati-
cal difficulties only allow the case where overburden currents are neglected
and the spheroid is perfectly conducting to be handled conveniently. Cal-
culations indicate that the strength of the anomalous fields increases as
the length of the spherold is increased. However, the location errors are
still small unless the obstacle is close to the interface and in the vicinity
of the source loop.

7. CONCLUSIONS AND RECOMMENDATIONS

The conclusions and recommendationg given here are generally in agree-
ment with those of the Working Group on Electromagneti- Location Techniques
(Farstad, 1973b) at the Thru-the-Earth Electromagnetics Workshop, Golden,
Colorado.

The homogeneous half-space earth model is well understood for both loop
and horizontal wire transmitting antennas. Extensive numerical results for
field strengths and profiles have been generated for a wide range of para-
meters as indicated in chapters 2 and 3. Some results for transient waveforms
have also been generated for a few configurations as noted in chapters 4 and
5. The CW results are generally in good agreement with the available experi-
mental results. However, there are almost no experimental pulse data for
comparison with the theory since pulse location techniques have not been
pursued. '



The effects of terrain and conductivity anomalies pose difficult analyti-
cal problems., Some progress has been made for specific anomalies as discussed
in chapter 6, Comparison with experimental results is difficult, and careful
documentation of actual field environments and anomalies would be useful to
theoretical investigators. One structure which merits some theoretical con-
sideration is the hoist shaft which is normally found in hardrock mines.
Farstad (1973c) has observed large locaticn errors and large signal enhance-
ments apparently due to a guiding effect along the hoist shaft which will gen-
erally be present in hardrock mines. Some analysis would be desirable in order
to learn how to utilize the guiding effect for detection and communication and
to minimize the effect on location accuracy.
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Criteria for Locating an Oscillating Magnetic Dipole
Buried in the Earth

Abstract—The possibility is discussed of locating miners, after a
disaster, by an slectromagnaetic techniques. Specifically, it is suggested
thet the compiex ratio of the horizontal and the vectical field com-
ponants be measured. The limitation due to the finite conductivity of

the overburden is also considered and shown to be a not insurmount-
able problem.

Following a disaster in a coal mine, there is a need to locate personnel
who may be trapped or lost. The possibility that they can be found by an
electromagnetic direction-finding scheme is intriguing. Unfortunately, the
waves must propagate through a conductive overburden. Apart from the
resulting attenuation, there is a distortion of the field vectors which can be
be expected to produce errors. However, as indicated in a recent report®
on this subject, the effect of the conductive environment < in be minimized
ifa current-carrying loop source is used at a sufficiently |.»w frequency. Such
a method may be a useful complement to the highly promising seismic
location technique being developed clsewhere.?

Int this letter, we consider an analytical model of the direction-finding
scheme and provide some quantitative criteria that may form the basis
of working modeis. Also, hopefully. the results should provide useful
information to other groups or individuals who are giving this matter their
attention.

Conceptually, the simplest case is where we seek to determine the loca-
tion of a small horizontal loop of area A carrying a total current [ at an

Manuscript received fanuary 22, 1971 ; revised February t0, 1971.

' Mine Rescue ond Survival Technigues, National Academy of Engineering, Washington,
D. C.. 1969.

“ D. B. Large, Westinghouse Georesearch Labs., Boulder, Colo., private communi-
cation.
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angular frequency w. Thus we arc interested in the detailed structure of
the fields produced on the surface with a view to specifying meaningful
measurements. To simplify the analysis, we represent the earth as a homo-
gencous half-space of conductivity & and permeability u. Here we assume
U= g, Where u, is the permeability of free space. Also, because of the low
frequencies involved. we can neglect all displacement currents in the prob-
lem. The situation is illustrated in Fig. 1 where the earth’s surface is the
plane z=0 and the loop is located av z= —h on the axis of a cylindrical
coordinate system (p. ¢, o).

The magnetic field components H, and H, produced on the surface
at p=d can be calculated from integral expressions that have a well-known
form.® The numerical task, however, is not trivial since the distances in-
volved may be comparable with the effective wavelength or skin depth in
the conductor. Thus the otherwise exhaustive asymptotic and near-field
derivations scattered throughout the literature could not be used directly.
Here we resort to a numerical evaluation of the integrals but utilize the
static (i.e., w—0) results and other special cases as a check. Details of the
analysis and computations are to be given elsewhere.

The desired field components at p=d and z =0 are given explicitly as

id

14
H = 5;;30 2

where P and @ are convenient normalized quantities. The latter are to be
obtained from
J,{xD)

dx (3

exp [~ + iHY] {J (xD)
0

P - x*
Q} = J:, X+ (3 + iH)
where J, and J, are Bessel functions, H ={opw)th, and D=p/h.

The ratio of the magnitudes of H, and H, at the observing station is
simply |P//|@| or {P/Q). This ratio is plotted in Fig. 2 as a function of the
distance parameter D. Not surprisingly, this function rises from a sharp
null at D=0 to a maximum that is near D=1.4 for the small H values in
accordance with the expected static behavior of the dipole (i.e., a static or
dc theory predicts 0 =0 at Dz\/i). This pronounced maximum is blurred
as H increases and, to a first order, it shifts to smaller vaiues of D. Never-
theless, the curves in Fig. 2 indicatc that, for a single measurement of
|H,/H,| or [P/Q|, two admissible values of D can be ascertained.

The phase difference between H, and H, is a quantity of interest since
it can be measured at the observer station without any phase reference

1. R. Wait, "“Electromagnetic sources in lossy raedia,” in Ansenna Theory, pt. 2, Collin
and Zucker, Ed, New York: McGraw-Hill, 1969, ch. 24.
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from the source. This quantity is of course equal to the argument of the
ratio P/Q. It is plotted in Fig. 3 as a function of D for the same range of H.
Clearly, we see that, for sufficiently smaii H, the phasc is near either 0 or
180", depending on whether D < 1.4 or D> 1.4, respectively. This fact per-
mits us 1o ¢liminate the ambiguity from the single measurement of the
amplitude ratio alluded to in the foregoing. Thus, in principle, we can
deduce the appropriate value of D from the measurement of the complex
P/Q. Of course, if & is known, we then can find the desired radial co-
ordinate p.

In our discussion here, we have required that H be a small parameter
if the conductive effects in the overburden are to be minimized. In terms of
actual quantitics, this can be written

H= 28/ Ol I x 107% =~ 0086, /0, f fym

where o, is the earth conductivity in millimhos per meter, f is the fre-
quency in hertz, and k., is the burial depth A expressed in kilometers. For
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example. if o=, f=100, and h,,=0.2, we see that H=0.17 which 15
suthicientds smail that the fields should have a siatic-hike behavior.

The results given here, while not at ali exhaustive. indicate that direc-
tion-finding possibilities definitely exist for a buried magnetic dipole
source, provided the field structure can be measured at a single observa-
tion statton on the surface, Conversely, we can reverse the roles of the source
and the observer and jocate Lhe receiving apparatus in the earth and trans-
mit from a grounded loop on the surface. The latter may be a more practical
scheme from the operational point of view. since the to-be-rescued miners
would then need only to utilize a cross-loop receiver with suitabie switching
provisions to measure both the field ratios and the phasc differences. Also,
of course, 1he vertical loop {i.e., horizontal axis) can be oriented to give the
radial direction toward the source. For feasibility tests, however, it is
recommended that the loop transmitter be buried and the field quantities
be measured on the surface. From an experimental point of view, this
would seem io have major advantages in the scope of the measurements
and the variety of situations to be examined.

Analytical studies on this subject are continuing.* Among some of the
problems being discussed are the effect of a stratified and nonuniform over-
burden. other dipole and line-source configurations, and the transient
solutions for pulsed dipole sources. The work bears a close similarity 10
earlier investigations in geophysical exploration using electromagnetic
methods.® The configurations are sufficiently different, however, that the

previous numerical data cannot be used directly.
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Electromagnetic Induction Technique for Locating
a Buried Source

JAMES R. WAIT, FELLOW, IEEE

Abstract—The field structure of a buried vertical oscillating mag-
netic dipole is examined. For an observer on the earth’s surface, it
is indicated that the finite conductivity of the earth will modify the
geometrical character of the vertical and horizontal magnetic field
components. However, this effect is quite small if the burial depth is
less than an electrical skin depth.

INTRODUCTION

IMERE IS A possibility that electromagnetic
waves can be employed to locate coal miners
following a disaster. A number of studies support-

Manuscript received January 14, 1971,
The author is wnh.the Institute for Telecommunication Sciences,
Uthice of Telecommunications, Boulder, Colo. 80302.

ing this thesis are currently being sponsored by the
U. S. Bureau of Mines. In this paper, without any claim
to originality, I wish (o present the basic theory of a
technique that may hold some promise.

The specific configuration considered is a small wire
loop contained in a horizontal plane and buried at some
depth & beneath the earth's surface. The objective here
is 1o examine the structure of the electromagnetic field
on the earth's surfuce produced by an alternating cur-
rent injected into the loop, The situation is illustrated
in Fig. 1 with respect (o a eylindrical coordinate system
{(p, &, 2). The carth is represented as a homogeneous
half-space of conductivity . All displacement currents
can be neglected because we may assume that alf linear



Fig. 1. Geometry of buried loop,

distances involved are small compared with the free-
space wavelength.

FORMULATION AND SOLUTION

Considering the loop, whose area Xturns product is
T4, as a vertical magnetic dipole, we can derive the
resultant magnetic fields in the air (i.e., 2> 0) from the
following [1]:

iugwH, = 3*F/(3pds) (n

and

ipwH, = 3*F/dz? (2)
where uo is the permeability of free space, w is the
angular frequency, and Fis a scalar function. A straight-
forward boundary value analysis leads to the following
integral form [1]: e ~uh

tugod A
=g »—ué L @)

where u = Ay}, y¥=douw, and J, is a Bessel func-
tion of order zero.

Using (1) and (2) along with (3), we find that the
fields at the location (p, 3) fora> 0 are

H, = bP (4)
and
H, = b (5
where -
Y
P=pn fn i et b ] (hp)dA (6)
and

o A.‘E
Q=4 f I Mg T (Ao}
, |

A4 u (7).
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and the normalizing factor is

bo = TA/(2nh?). (8)

By changing the variable of integration to x =Mk, the
integrals P and Q are expressible in the form
Y 1
P - xle* e‘—‘(l"f".”’)ln
o x4+ (284 (HEHIN

Ji(zD)dx  (9)

and
w xac-zz T
Q= - e CHEDT (e DYdxe  (10)
o &+ (4 iH)
where H= (ouuw)''?, D=p/h, and Z=g/h are dimension-
less parameters. Equations (9) and (10) are in a form
suitable for numerical integration, and a computer pro-
gram has been prepared to accomplish this task. Before
discussing the results, some special limiting cases will
be mentioned,

LiMitING CASES

When the conductivity ¢ and/or the frequency w are
sufficiently low, the parameter H is effectively zero.
Then, without difficulty, the integrals P and { are
expressible in the closed forms

P=(3/2)D(Z + 1)R™ (1)

and
Q= /D[3Z + 1):R* — B3| (12)

where R = [D?+(Z+1)?]¥2. These simple results for the
normalized magnetic fields P and @ correspond to static
conditions. '
The other limiting case of interest is when the con-
ductivity ¢ and for the frequency w are sufficiently high
that the integrals /7 and Q may be approximated in an
asymptotic sense. Essentially, this amounts to arguing
that when |yp| 31, the exponential factor exp(—uk) in
(3), (6), and (7} may be adequately approximated hy

exp(—h). Then, treating both H and D as large pa-
rameters, we find that

P~ — e"IY(3/HY D exp [—e"'“h’] (13)
and

O~ + "G/ HY D4 exp [~em/vH |, (14)

A precise description of the validity of these asymptotic
forms is subtle, but on comparison with numerical inte-
gration on the exact forms, it appears that they are
useful when hoth # and HD are >>1.

Another interesting check is to let & be identically
zero, Then for z =0, we have [1]

F ”"wmf Y LOed 15)
- 2x o #+ A nRpe )
il A 1
s (16)

= B =+ e
2 v
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where we have miade use of a known identity. Then,
again for =0, we have

iuwld 3
E, = oF/op = 220 4 (n
2 it
where
a=1—[1+v + (y9p¥/3)]e . (18)

If we now assume |yp|>>1 and utilize the approximate
{Leontovich) boundary condition [1], we have

H,>=9E;, 7= ipw/y (19
IA 3
~o 22 (20)
Ir ypt

This is consistent with (13) given above if we note that
the right-hand side of (20) is limy.o boP. Also, we can
obtain an exact expression for H, at s=0 by using
ipwH, = — (1/p)/(3/3p)pE, and (17); thus H,
= — JAp/(2x¥*p*)8 where

B=1—[14 e+ (4/97%* + (1/Nv%per. (21)

Again, if ]'ypl 1, B2~1, and (21) is consistent with (14).

As a matter of theoretical interest, we have one final
special case which deserves mention. Specifically, we
take p=0, which means the observer is directly above
the source loop. Then, of course, P =0, but Q is finite.
If, in fact 2=0, we have ‘

Q=0 =4 f. u?\‘(u + A)le*hdh. (22)

Now,
(u+ 2" = (=N —A)"! =y Hu—}N),

and therefore

Q. = g[j;nuk‘e“““dh - j;w)\‘c““"d?\]. (23)

We can now verify that

K at a? a° a3 d
0. = _[_P-Tz__P+__q_27:_£+74_q-] (24)

y2Lakt ah? okt ant oh
where
w A
p= f et — dA (25)
[ u .
and
o e—uh
g =f dh. (26)
0 ]

These latter two integrals are known to be
p=e/k (27)
and

¢ = Ko(vh) (28)
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where K, is a modified Bessel {function of order zero.
Using only the well-known identities K (Z)= — K,\(Z)
and K\ (Z)=—[Ko(Z)+Z-'Ki(Z)], it turns out that
(24) can be reduced to the compact form

Or = 22212 + 12% + 52 + 7))
— 3[(x + (8/x)) K1(x) + 4K ()]

where x=vh=+/1H. This provides an alternative
method to compute the held directly above the source
dipole.

Discu 510N oF REsunTs AND FiNaL REMarKs

As indicated above, 2 and Q are the normalized com-
ponents of the horizontal and the vertical magnetic feld
on the surface for the buried loop source. The magni-
tudes | P| and | Q| plotted as a function of the normal-
ized distance D {or p/h) are illustrated in Figs, 2 and 3,
respectively. The parameter on the curve ts the pormal-
ized depth parameter /{ {(or (euw) "2k}, This can be cal-
culated from the simple formula /1 = 0L.086(ayn.f) " i
where ¢mmne is the carth conductivity in millimhos per
meter, f is the frequency in hertz, and b, is the burial
depth in kilometers. For example, il gmn, =1, f= 102,
and hyn =0.2, we have H=0.17. In this case, we can
make the rather important observation that the char-
acter of the ]PI versus D curves in Fig. 2 are essentially
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the same as for the case H=0. Thus, the conductivities
of the overburden are probably negligibie for this con-
figuration of the receiving loop provided the burial
depths are not more than 0.5 km and the operating
frequencies are in the low audio range. It is significant,
however, that the vertical magnetic field component
as indicated by the | Q| versus D curve in Fig, 3 has
a significant modification in the region near D =+/2.
Here, the static field (i.e., for H=0) has a null which
is smeared out even for emall values of the parameter H.
This effect, however, is still not detrimental to the
operation of a detection scheme.

While there are many other aspects of a practical
scheme for using the induction field for source location,
we feel that this approach is worthy of critical exami-

nation. Furthermore, by applying some simple notions
of reciprocity, we can adapt the present results to the
situation when the source loop is located on the surface
and the receiving loop is located at depth. Other factors
receiving our attention are the influence of an inhomo-
geneous overburden and the effect of irregular terrain.
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Electromagnetic Fielde of a Small Loop
Buried in a Stratified Earth

Abstract—The field sttucture of a butled vertical oscillating
magnetic dipole is examined. The earth is representsd aw a two-
layer haif-space, and the source is located in the bottom semi-
infinite region. Using numerical integration, the magnitude of
the ratio of the horizontal to the vertical magnetic field is examined
for an observer on the sarth's surface. It is shown that at sufficiently
low frequencies, the field ratio is not appreciably modified by the
Bnite conductivity and the geometry of the layers.

Communication to the earth’s surface from a buried iransmitter
may be useful in emergency situations such as after a mine disaster
[17]. Unfortunately, the conductive losses in the intervening rock
will severely atitenuate the signal unlesa extremely low frequencies
are employed. Also, direction finding of the buried source, from the
surface observer, is inhibited by the conductive overburden. In
this communication, we wish to consider an analytical model
which may shed some light on this problem.

As indicated in Fig. 1, we consider a vertical magnetic dipole or
small Joop (with vertical axis) located at a depth A beneath the
surface of & fiat earth. The current in the loop is taken to vary as
exp (id). To simulate the effect of an inhomogeneous earth, we
adopt 8 iwo-layer model. The upper layer has a conduetivity o
and a thickness b, The semi-infinite lower layer, which contains the
source dipole, has a conductivity #i. A cylindrical coordinate
system (p,¢,2) is chosen as illustrated in Fig. i with the observer
located at P{s,z) on or above the earth’s surface at z = 0, It ix our
objective to evaluate the magnetic field components H, and H, at
P(p,2) for a specified total current J in the small loop of nrea 4
located at z = —h.

The formal solution for the problem gs stated was given some
time ago (27, although in the original derivation, it wae assumed
that the magnetic dipole was in the air above & two-layer stratified
earth. Clearly, the solution has the same form as for the problem
posed here. Also, as indicated before, all displacement ecurrents
ean be neglected if the free-space wavelength is much greater than
the significant dimensions of the problem, We assume this is the case
here. Also, to simplify matters, we assume that both of the con-
ductive lsyers have magnetic permeabilities which are the same
as for free space. Thus, without difficuity, we find that

and
H, = bQ )]

whese by = [A/(2xh?) in o suitable normalizing factor, while P and
Q@ are the dimensionlens fleld quantities, Under the assumptions
stated previously, we have the integral formulas

P om "—2' / - AT oxp (—M)Ji(Ap) N 0]
’
and
e o
0-" [ NT() exp (—he)o(he) dh @
[}
where
2 2u;
() oot - 0 -

TR = — —e——
o~ A — U _
[l - (u. 7 lXu ; u,) exp ( 2u1b)]

o= (M 4 i)V, and ur = (AT 4 faguew)Vt,

e ()
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cult to verify that, for z = 0, (3) and (4) reduce to

P = (3/2)DR
and
Q = (/23R - B}

where R = (I}* + 1)V, The curves in Figs. 2—4 are consistent with
these static field formulas for the small values of H. In particular,
we see that the null for @ at D = V2 leads to an infinity for | P/Q|.
This pronounced peak, however, ia somewhat blurred when H
is different from zero. In fact, the behavior of the ratio | P/Q | be-
comes modified drastically for the larger values of H.

To consider a specific example, we choose f = w/2r = 10' Hz,
g3 = 1077 mho/m, and A = 200 m; thus, H = 0.17. In this case,
the upper layer of thickness (B/H) X 200 m, has s conductivity
K! X 107* mko/m. As indicated in Figs. 2 and 3, the presence of
this masking Yaver deteriorates the ideal staticlike behavior of
the field ratio | P/Q|.

Using the aunlytical resylts from this study, it is posgible to
elucidate the effect of the stratification in the overburden and to
provide improved criteria for direction finding techniques. The
results given here are considered only as an example of the many
possibilities that exist.

James R. Warr
KenneTr P. Spixs

Inst. Telecommun. Sei.
Office of Telecommun.
. 8. Dep. Commerce
Boulder, Colorado 80302
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LOCATING AN OSCILLATING MAGNETIC
DIPOLE IN THE EARTH

Jndc:hl! terms: Magnetic fields, Mining

- . . . . .
The merits 'of 8 horizontal magnetic dipole in 2 source-
jocation scheme are considered.  The resulis have posswible
applications in loculing trapped miners following disasters.

In a previous communication,® we pointed out the possibitity
that, following a disaster, miners could be located by an
electromagnetic technique. The basis of the method was to
observe the structure of the vector magnetic ficld on the surface
produced by a buried magnetic dipole whose location was to
be determined. Specifically, we considered the source to be 2
vertically onented magnetic dipole (i.e. a smail horizonta
loop) buried at a depth & in the conducting halfspace. 1t wus
indicated that the radial co-ordinate of the observer, relative
1o the source, could be ascertained from measurements of the
horizontal and vertical magnetic ficlds at the surface. In such
a scheme, it is necessary that the trapped miner(s) have
available a means 1o excite a loop of wire with sufficient audio-
frequency current to be detected on the surface.

2

Fig. 1 Horizontal magnetic dipole located at depth h in a
conducting halfspace

Curremt field investigations of the em. location scheme
have shown that the null of the horizontal magnetic fickd
directly over a buried vertical magnetic dipole is a relatively
simple and useful criterion that may have promise in a
practical scheme ¥+ Unfortupately, in this case, the received
magnetic field must comipete with atmospheric noise that
always has significant horizontal components of magnetic
field. This immediately suggests that a better scheme would be

* FARST: 1. {Personal communication, April 1972) “
1 :mmt‘:'. :. (F(-mnl communication. April 1971
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Fig. 2 Function \M, proportional to M, . for observer at
fC. y. 0) as a function of D = y/h for various values of
H = fopsw)th

o
-
n
L3

to employ a horizontul magnesic-dipale Sowre, mow lich coase
the nutl ever the source occurs in the vertical mayncl hclid
component.  The jeceived stincapheric noise 1+ Ui el
reduced. With this motivation. we consider here the <tructure
of the surfuce fickis produced by o buried horizonial veisniciie
dipole (i.c. a simall loop contived in a vertical phine -:\I\u_
as we shall indicate, there are atier features of Ui contouny
tion shat may have some wie. ‘

The analytical model is indicated in Fig, 1, wihere vee diione
a Cartesian vo-ordinate system (v, y, 2), with the spage 7 < 0
corresponding o a homogencous ponmagnetic carth of
conductivity o, The source is a small loop or frame of area ot
currying a total current 1 at an angular frequency ¢ The
equivalent muenctiv-dipole source is tocated at 2 - - b oon the
zaxis and is oricoted in the ydirection. As before,’ we can
neglect all displacement currents because of the low
frequencies involved,

The resultant magnetic fickd components M, I, and . ara
point P on the surfuce z = 0 can be calculated from inteerad
expressions that arc well koawn ' The latter ave wvaluated
numerically, even though ceriain special cases can be expressead
in closed form.?

First of all, we notc that the ficlds in the region z > 0 can
be derived from a scalar potential @ via

H=-vo . . . . . . . . .y
where
142 5 u - R
~2u 5 ! Tralelrresp (“uh~indd )

vyh.;re p= (v and w = (2 4 oo )Y, If the conduc-
tivity ¢ andjor the frequency « are sufficiently low, eqn. | is
reduced to the simple static forin

w
7K
o=~ af JolAp) exp {— ih+2)) &2
40

=14
4n dy

On carrying out the differentiations in egns. 1 and 2 and

Y T R O X

) changing the integration variable 10 dimensionless form, we

O-5r~

=02

o0t

©00s

. o]
Flg. 3 Function \N!. proportional 1o |H,), for observer at
(0. y. Q) as a function of D = y1h

readily obtain convenient explicit forms for the fields for
2> 0, Thus

He = {IA{Qab)} CSUTID-M: . . . . (4
Hy = —{A[2rbf 0T+ 00 M L L L ()
Hy = {AI@rhICN . . | . . . . . )

Reprinted from ELECTRONICS LETTERS 10th August 1972 Vol. 8 No. 16
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where .
C = (yip) = coséo

S = (x/p) = sin go
and
D e {(x*+y)hfh = plh

""The dimensioness integral functions M, N and T are defined
by

3 1
M= f §F(e, H, DUo(eD)- - T(eDMg. . (D)

N = [ gFe, 5,2y 0:sD) g . (3)
[ ]
T-IF{:.H.Z)J;(;D)J:. e . ®
. 9
where
NPT IV .
Fla = S8 2 Y=g o)

(g2 +iHH)

where H = (qup oW b and 2 = z/h,
The corresponding static forms for the basic integrails
M, N, and T are the elementary functions

Mo~4 ! R (t)
U rE e T sy

D(Z+1)

Ny=4% “,3+(Z+”2}Sf! o - Uy
and

. D

Tinteoe ;- 09

The following cases are of speciai interest, Ifx =0 (i.e. S =0
or-yigmmnd), we find that
H. =
Hy = —(IA/Qa®)} M ] ke
Hy = JAIQRA) N

On the other hand, il y = 0 (i.e. C = 0 oge==D0), we see that

. (19)

H,=0
Hy = —{AQrET(D) ] - 1%

A gencral computcl_' program has be¢n written for the integrals
M, N,and T/D that will yicld numericat resuits for any value
of the parameters D, /i and Z. To illustrate the situation here,
we plot [M|, [N and | T/D| as funciions of B in Figs. 2, 3 and
4, respectively, for the case Z = 0 and various values of H.
The appropriate static behaviour is evident for the case
H = 0. In general, we note that H == 0-086(ca f)* Ay, Where
on is the earth conductivity in millisiemens per metre, [ is the
frequency in hertz and A.. is the burial depth in kilometres.

For example, if 0, = 1, f= 100 and h,. = 0-2, we see thut
H o= 017, ’

The functional behaviour of |N] indicated in Fig. 3 shows
that, in pencral, the vertical component H, has a null direculy
over the source. This would appear to be a useful diagnostic
property. On the other hand, the funclional dependences of
M and T provide secondary criteria that could also be
exploited. .

1 1 ] 1 |

0'0050 1 3 3
D

Fin. & Function {T/D). proportionsl to |H,| for observer at

{x. 0, 0) a2 & tunction of D = x/h

The results described here are part of analytical study
supported by the US Bureau of Mines under a4 contract
monitored by H. E. Parkinson. [ am grateful to K. P. Spies
for performing the calculations. '

JAMES R, WAIT 30th June 1972

Environmental Research Laboratories _

National Oceanic & Atmospheric Administration

US Depariment of Commerce

Boulder, Colo, 80302, USA
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The electromagnetic response of a buried sphere
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The effect of a spherical inhomogeneity on the surface fields of a buried magnetic dipole
source is determined from the reradiated fields of induced electric and magnetic dipole
moments. For small spheres where the theory is valid, the errors introduced in source location
are shown to be small. The results have possible application to rescue operations following

cozl mine disasters.

INTRODUCTION

The feasibility of locating a buried horizontal-loop
source {rom surface measurements of the vertical
and horizontal magnetic-field components has been
investigated by Wait [1971]. For sufficiently low
frequencies, the magnetic fields have a static-like
behavior, and a single observation of the ratio and
relative phases of the vertical and horizontal com-
ponents is sufficient for location when the earth is
homogeneous, However, when inhomogeneities are
present, the surface fields will be modified, and
source location may be more difficult.

In order to obtain a quantitative idea of the sur-
face field modifications, we consider a spherical con-
ducting ore zone as a perturbation to the homo-
geneous half-space, The corresponding rigorous
problem of scattering by a buried sphere has been
treated by DFYakanov [1959]. Upfortunately, his
solution is restricted to azimuthally symmetric ex-
citation, and even then the solution is not in a
convenient computational form. However, if the
sphere is electrically small and is located at a suf-
ficient distance from both the loop source and the
interface, the scattered ficlds can be identified as
the secondary fields of induced dipole moments.

Copyright @ 1973 by the American Geophysical Union,

The latter are equal to the product of the incident
fields and the polarizabilities of the sphere.

Wait {1968} has used this induced dipole ap-
proach for scattering by a small sphere above a
conducting half-space. The method has the ad-
vantage that it is easily generalized to scatterers
of other shapes for which both the electric and mag-
netic polarizabilities are known, such as spheroids
[van de Hulst, 1957]. This concept has also been
considered by Ward [1967] in the context of electro-
magnetic detection of massive sulphide-ore bodies
from airborne platforms. In his applications, how-
ever, the induced electric dipole moments for his
spheres and disk models were not used. This was
justified for the low audio frequencies used in cx-
plorat...n systems such as AFMAG.

FORMULATION

The geometry is illustrated in Figure 1, which
shows both the Cartesian coordinate system (x, y, z )
and the cylindrical coordinate system (p, ¢, z). The
half-space z < 0 is free space, and, except for the
sphere, the lower half-space z > O has conductivity
o, permittivity ¢, and free-space permeability po. The
sphere of radius a is located at (x,, O, Zy), and has
conductivity o,, permittivity ¢, and permeability z,.

The small source loop of area A4 is located at
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Fig. 1. Geometry for source loop and buried sphere with

induced dipole moment.

(0, 0, k) and carries a curreat 7 which varies as
exp (iut), where » is the angular frequency. Since
A is small, the source is equivalent to a vertical
magnetic dipole. For an observer at the surface (z
= 0), the vertical and horizontal components in
the absence of the scattering sphere, H,}! and H},
have been given by Wair [1971]:

= (—ITA/2rk’)P

)
= (1A/2e1’)Q
Here, P and Q are the dimensionless quantities:
Jn(sD)
f {[s exp (—u))/(s + w)} Len® @

where u = (* + iH?*)Y%, J, and J, are zero- and
first-order Bessel functions, H = {spew)*/2h, and
D = p/h. The result in (2} assumes that displace-
meat currents are negligible, and we retain this as-
suraption throughout since we are interested in low
frequencies. Wait [1971] has shown that for H
sufficieatly small, a single measurement of the com-
plex ratio H/H;} is adequate to determine D and
consequently p if A is known.

INDUCED DIPCLE MOMENTS

Although the distances involved here are much
less than a free-space wavelength, they are not
necessarily small compared to a wavelength in the
lower half-space. Consequently, the induced electric
dipole moment must be considered as well as the
induced magnetic dipole moment. This is in con-
trast to the case in which the source and the scat-
terer are above ground {Wait, 1968].

Since both types of dipole moments are induced,
both the unperfurbed electric and magnetic fields
at the sphere center (x,, 0, z,) must be calculated.
The unperturbed magnetic field has both z and x
components, H,* and H.* and the unperturbed elec-
tric field has only a y component, E,°, These com-
ponents can be gbtained from Wait [1951; 1971],
Barios [1966}, or Ward [1967], and written in the
following form which is similar to (1):

= (14/2=1")0°
= (—IA/2zK)P°
= (—iH' I A/dnch*) Y°

(3)

where

= /2 [ fewi-ujt - 21
+ [(u — 5)/(u -+ 5] exp [—u(l + 21
AT® Jols D)/ 0} ds
=am£1aﬂwu~m1

= [ — 5)/(u + 5)] exp [—u(l + D)1}
-8* Li(s X) ds

[ fexp [—u

+ [ — )/ + )] exp [—u(l + 2)]}
A" s 0]/ u} ds
Z = Zo/h

Y = - Z]]

X = .xD/h

Note that Z must be positive, but X can be either

positive or negative, The evaluation of the integrals
will be discussed later.

The induced magnetic dipole moments, m. and

ms, are given by the product of the magnetic .

polarizability and the incident magnetic field [Wait,
1960; 1968]

—27d* [3(M + iN))H,°
— 2’ [3(M 4 iNH,®

m,

i

my

where

2p,(inh & — o cosh @) + uy(sinh &« — o cosh & + o sinh @)

(M4 iN) = —

g (sinh @ — & cosh @) — po(sinh @ — @ cosh &« 4 a”sinh a) *

@
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where

a = (iwp,0,) " a

We observe that the function 3(M 4+ iN) has the
following high-frequency limit

lim [3(M + iN)] = 1 (5)
la|—x
If me assume that o, 3 o, then the y-directed
induced electric-current moment (Ids), is given by
[van de Hulst, 1957]

(Ids), = 4xod’E,’ ' (6)

which is valid even if [«] is not large [Wait, 1960].
This electric-current moment has dimensions of cur~
rent times length and differs by a factor of i from
the electric-dipole moment which has dimensions
of charge times length.

Several assumptions are implicit in the induced
dipole-moment method used here to calculate the
reradiated fields. First, the sphere radius a must
be small in comparison to a wavelength in the lower
half-space (Stratton, 1941). Second, the sphere
radius must be small compared to the geometric
mean of the source and observer distances [Wait,
19601. These conditions insure that higher-order
multipoles are not important. Third, the sphere
radius must be small compared to the distance be-
tween the sphere and the interface so that inter-
actions between the sphere and the interface are not

- important. Actually, it is possible to compute cor-
rection terms which take into account interactions
with the interface, and it has been done for a buried
cylinder [Wair, 1972]. However, the correction
terms are more complicated for a sphere because of
coupling between the electric and magnetic modes
[Hill, 1970]. At any rate, the interaction in the
static limit has been shown to be unimportant for

a sphere-interface separation of at least two sphere
radii [Hill and Wait, 1972].

SCATTERED FIELDS

From the induced dipole moments in (4) and
(6), it is possible to compute the scattered fields
at any point on the surface by superposition, How-
ever, to simplify the discussion, we restrict our ob-
servation point to the x axis. This, of course, in-
cludes the point directly above the sphere (x = x,)
where the distortion of the surface fields is expected
to be greatest, The scattered magnetic field on the
x axis has only z and x components, H,* and H,*,

which can be written as the sum of three con-
tributions.

H' = H'+ H'+ H'
ff:l — H‘v + Hxh + H:‘

N

H.? and H,* are the reradiated fields of the vertical
magnetic moment m,, H,» and H,* are the reradiated
fields of the horizontal magnetic moment 2, and
H, and H,* are the reradiated fields of the electric
moment {Ids),.

The fields of the vertical magnetic moment can
be written in the following form [Wait, 1971]

H' = (m,/ 2wk )0

_ (8)
H' = (—m /2zl"ypP
where
P _ * 3 _ J][S(D — N
o —j; {Is" exp (—u2)]/(s + w)} Lis(D — X)) ds

Since we are observing the fields on the x axis, we
redefine D to be x/h and let it be either positive
or negative,

The fields of a horizontal magnetic moment have
been given by Wait [1972], and for this geometry
are given by

H' = (—m,/2x )N

€
H' = (—m,/2xk’ )M
where
N = f: {s°u exp (—uZ))/(s + u)}
CAISD — X)) de
M= Lm fs"u exp (—uZ)}/(s 4 u)f

(AT I o7

= YAISOD - XMW/ K0 o

The fields of the electric moment arc given by
Wait [1961] and Basios [1966), and can be written
in the following form

]

H' = {[—(lds),}/ 2xh*} S

[/

H.' = [[—(1ds),)/ 220"} T" (10)
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where

5= [ (5 ew (—uz/s + w) LD ~ 1 ds

T = fo [texp (—u2))/ (s + (G Lls(D — X))

— {shils(D — N}/(D ~ X)) ds

By substituting (3), (4), (6}, (8), (9), and
(10) into (7), the final expressions for the scat-
tered field are obtained
H," = {[—IA(a/B)]/2xhk"}

{[3(M 4+ iN@Q°0" + P'NTY — 1HY(Y'S")]
H.' = |[1d4(a/h)’)/2xh’}

M 4 INQ P — PMT) 4 H(Y'TT))
Note that the contribution from the electric moment

goes to O as the frequency goes to O becanse H?
vanishes, However, the contribution from the mag-

an

'001'111'1113

[ TTTIT

IR,/ H,'|

0.1

-2 -1 0 ! 2

Fig. 2, Effect of sphere location on |H.'/H.'|. H = 0.2,
a/h = 0.3, Z = 0.5, |a| = 5.0, and s = po.

netic moment goes to O in the static limit only if
the sphere is nonmagnetic (u, = pe). This can be
seen by examining the behavior of 3(M + iN) in
(4). This point has also been emphasized by Ward
[1959].

The total fields observed on the surface are the
sum of the incident and scattered fields

H'=
H' =

H'+ H'
H'+4 HS

(12)

where H,} and H, are given by (1), and H,® and
H,* are given by (11).

NUMERICAL RESULTS

Before performing a numerical evaluation of the
integrals required for the magnetic components in
(1) and (11), it is useful to obtain the static limits
of the integrals by letting H approach 0. These limits
are useful because they serve as a check on the
general formulation and because H is sometimes
quite small in realistic sifuations. By setting H = 0,
the following static limits denoted by subscript s
are obtained [Wheelon, 1968]:

P, = 3D/12( + DY)

Q. = 2 — DY/ + D)

0. = 201 — 2 = X'V{20X" + (1 — 2)'T"}
P’ = Bx(1 — 2))/{20x* + (1 - 21"}
X/[xX 4+ - 21

i

Y,! =

P’ = [3(D — XNZ)/{2(D — X)' + 2]
Q. = 22" — (p —~ XV{21D — X)' + Z'1?
N = [}D — XNZY{2U(D — XY + 21"}
M = [2°— 2D — X'1T'{2[(D - X)" + 21"}

s =(D— X)/[2(D — XY + Z°T")

T." = —Z/{212" + (D — X)'T*} (13)

If these static results are subtracted from the
general integral forms given earlier, then the con-
vergence of the remaining numerical integral is im-
proved if H is not too large. Of course, for H = 0,
the integrands vanish and only the static terms re-
main, Computer programs were written for the nu-

merical integrals, and the resultant quantities of
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interest, |H,'/H.'| and arg (H,'/H,'), were ex-
amined as a function of the various parameters.

Results for a nonmagnetic sphere (p, = uo) are
shown in Figures 2 and 3. Parameter values are
H=02,Z=05,a/h=03,la)] =5,and X = 0
and 0.5. In a typical example where f = 100 Hz
and ¢ = 10~ mhos m™, 4 would be 225 m. The
amplitude curve in Figure 2 with no sphere present
agrees with the previous result of Wair [1971].
With the sphere directly above the source (X = 0),
the curve is still symmetrical about D = 0. The
peak magnitudes are increased somewhat, but the
peak locations are only slightly shifted, When the
sphere is no longer above the source (X = 0.5),
symmetry is lost and the peak for negative D in-
creases while the peak for positive D decreases.
The peak locations are again only slightly shifted.
The phase curves in Figure 3 indicate that the
greatest phase deviations occur close to the sphere
location (D small for X = O and D > O for X =
0.5).

Results for smaller spheres and spheres farther
from the source indicate smaller deviations. Another
interesting result is that deviations were smaller
for larger values of |a} due to the fact that the scat-

tered field becomes more nearly real. Results were -

not obtained for larger spheres because the simpli-
fied treatment used here is not expected to be valid
if a/h becomes too large.

CONCLUDING REMARKS

A method for calculating the perturbation of the
surface fields of a buried magnetic dipole has been
developed. The method utilizes the reradiated fields
of induced electric and magnetic dipole moments
and is valid when the sphere radius is small com-
pared with the source distance, the interface dis-
tance, and the wavelength in the earth.

A typical example shows that the magnitude and
phase of the ratio of horizontal to vertical magnetic
field can be noticeably altered by the presence of a
sphere which is located at half the source depth
and has a radius of 0.3 times the source depth. How-
ever, the variation of the surface fields as a function
of position remains quite similar, and only small
errors in source location should result.

Larger deviations can be expected when the
sphere is larger or closer to the source or the inter-
face, but the simplified theory presented here is
not valid under such conditions. The study of this
case is a worthwhile extension.

180° =

r—r ——

(35°

90° |-

450 |~

e T TS LT s+ i +

)
o
-—=

450 |

w90‘3 -

el | NO SPHERE/T/*II
X=0.5 |

~180° L ,_\5’],_/

Fig. 3. Effect of sphere location on arg (#,'/H.*).
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ABSTRACT
Calculations are made to determine the shift in the overhead
null of a buried vertical magnetic dipole caused by a spherical
scatterer located near the earth surface. A table of results is

given to illustrate the effect of various parameters, and a closed

form expression is given for a special case.

INTRODUCTION

Thé‘distortion of surface fields of a buried vertical magnetic dipole
(horizontal loop) has been examined for several scattering bodies: spheres
[Hill and Wait, 1973a], prolate spheroids [Hill and Wait, 1973b], and infinite
cylinders [Hill and Wait, 1973c]. Although the entire magnetic field profile
is of interest in source location, the shift in the null of the horizontal
magnetic field is a limiting factor in location accuracy. Consequently, we
examine here the null shift caused by a highly conducting body near the earth
surface. The conducting body could be natural or man-made (vehicle, machinery,

etc.).

Since the past treatments of the prolate spheroid and infinite cylinder
have a more restricted realm of validity, we choose to utilize the previous
work on the conducting sphere [Hill and Wait, 1973a). The previously developed
computer program is applicable with only minor modifications, and the specific
numerical parameters of interest have been furnished by Dr. James A. Powell

(private communication, September 7, 1973)..
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GEOMETRY AND PARAMETERS
The geometry of the source and scatterer are shown in Fig. 1. The sphere
is centered at x = X, and y = 0. Although the general analysis is for an
arbitrary sphere depth z,, here we set 2z, = a so that the sphere is tangent
to the surface. This 18 as high as we.can position the sphere since the pre-
vious analysis is for a buried sphere. We omit the analysis an& assumptions
here since they have been covered previously [Hill and Wait, 1973a]. Some
error will result from positioning the sphere close to the interface (since
interaction between the sphere and the interface have been neglected), but
this error will be small for sufficiently low frequencies. The permeability
of both the half-space and the sphere are taken to be that of free space.
The frequency of use is taken to be 2000 Hz; Several sphere masses and
densities have been suggested, but only the largest resultant sphere radius
of 11.7' is used here. This corresponds to a mass of 100 tons and a density
of 30 lbs/fta. We present results in English units as requested, but all
- calculations are actually performed in MKS units. The sphere conductivity is
taken to be 106mhos/m which corresponds to that of cast iron. The resultant

electrical size of the sphere |au| is given by

laf ={W a = 448.
Consequently, the sphere appears to be almost a perfect cocaductor at 2000 Hz.
Two depths, h = 500' and 1000', are assumed for the transmitter depth.
Two values of the horizontal displacement of the sphere, x, = 10" and 100°,
are also assumed. For earth conductivity o, 10_2mhos/m and 10—3mhos/m are
assumed. Consequently, we are considering a total of eight cases. Other

values of parameters have been examined, but the resultant null shifts are too

small tc be of interest.
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NUMERICAL RESULTS

In order to locate the null in the horizontal magnetic field, the x -
component Hx was computed along the x - aﬁis. Although the primary ficld
Hi has a null at x = 0, the total field is.complex and in general there is
no value of x for which Hx = 0. Consequently, we are actually searching for
local minima of Hx which occur at x = * . The values of X, for eight cases
discussed earlier are given in Table 1.

Note that for ﬁo = 10', there are actually three minima, and one of them
occurs for negative X, Of course, the largest error in source location would
occur for the maximum |xm| ﬁhich in these cases is on the order of 30'. Results
are not shown for larger values of X, anﬂ smaller values of a because the

resultant values of [x_| are extremely small.

SPECIAL LOW-FREQUENCY CASE
Since a partial profile of Hx is required to obtain the resultant null
shift for each set of parameters, a great many calculations are required to
determine the effect of various parameters on the null shift. Consequently,
it is desirable to obtain an expression which gives the dependence on some of
the parameters explicitly. This can be done if the frequency is sufficiently
low to neglect curreants in the overburden and if the sphere conductiviiy is

sufficiently high to appear perfectly conducting. Mathematically, these

conditions are equivalent to the followng inequalities

/2 /2

{w Hg c:r)l h<£1 and (W (N os)l a > 1.

Under these conditions, the magnetic fields take‘on a static behavior,
and the fields scattered by the sphere are essentially those of an induced
magnetic dipole. To simplify even further, we let 2o = 0 dn Fip. 1. Consce-

quently only the horizontal induced mngnctic dipole moment p contributen to
X
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the horizontal magnetic field Hx on the x axis. The horizomtal majpnotic
field incident at the sphere center H; is given by

o _ -IA 30, /n)

H =
amh®  2[1 + (xo/h)’]

X

where IA 1s the magnetic moment of the transmitting loop. The magnetic polari-
zability of the sphere is -2ma’. Consequently, the x component of the induced
magnetic dipole moment is given by
IA &’ 3(xo/h)
3 2
h 2{1 + (xolh) ]

573 (2)

On the x axis, Hx can now be written as the sum of the primary and

secondary fields:

IA ~3(x/h) al 3(x,/h)
By = 572 T 3 z2.5/2 ()
2wh? 2[1 + (x/h)?] |x - xol 2[1 + (x_/h)"] ,
In order to find the null shift X » We set Hx = 0:
(x_/h) s (x_/h)
m - a [o} 0 (4)

5/2 5/2

2 3 2
[1+ (x /h)"] - xol (1 + (x /h)"]

Ix,,
In general, (4) can be solved by plotting the function versus X However, if

X is sufficiently large, then the following two approximations are valid:

*n
- << 1 and
X ,

o

X
;fﬁ << 1 (5)

If (5) is applied to (4), we have a closed form solution for x
aa'sgn(xo)

x =
T kL (x /2]l

(6)



Note that the null is moved toward the sphere due to the sgn(xo) factor,
This approximate expression has been found to check with the computer solution

in appropriate test cases.

CONCLUSIONS

From the results in Table 1 and Eqn. 6, we can draw some conclusions
about null shifts caused by scattefers near the surface. First, the null
shift is only weakly dependent on the transmitting antenna depth and the over-
burden conductivity. Sécond, the null shift is roughly proportional to the
volume of the scattering body (proportional to a®). The null shift decreases
rapidly as the horizontal displacement X, - increases. Consequently, even a
moderate size scatter (11.7' radius Spﬁere) has a significant effect only
when it 1s close to the null point. This is consistent with measurements by

Farstad (1973) on the effect of a vehicle on the surrounding magnetic field.
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TABLE AND FIGURE CAPTIONS

Figure 1 Geometry for the source loop and a spherical scatterer.

Table 1  Effect of various parameters on the null shift.

y h
zZ
Figure 1
TABLE 1
a=11.7", £ = 2000 Hz
h [+ xo xm

500" 10~ mhos/m 10° “14.4%, 11.1', 30.7'

500" 1003 0w 100° .07"

500" 1072 10 | -13.9", 11.1', 30.2"

500" 1002 100" .085"

1000" 1073w 10 -18.0', 11.0', 34.4'
1000" 1073 v 100° .01t
1000" 1072 10° -16.5', 11.0', 30.0'
1000" 1072 o 100" .05'
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Transient Signals from a Buried Magnetic Dipole
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The solution for a pulse-e¢xcited magnetic dipele is carried through for 2 conductling half-

space model of the earth, All displacement currents are neglected so the solution is not valid
at very small times in the transient response. Il is shown that the waveforins of the magnetic
field components on the surface depend both on the conduetivity of the earth and the geometri-
cal parameters of the problem, The results have possible application to electromagnelic gig-

naling and direction finding for a buried source.

L. INTRODUCTION

- One method of signaling to the surface f{rom a ter-
minal buried in the earth is to shock excite an un-
derground loop of wire. Because of the Ohmic
conduction in the overburden, we can expect only
that the low-frequency spectral components wiil
reach the surface. Also, because of the digspersion,
the radiated transient signal will undergo consider-
able distortion in waveform. It is of interest to ex-
amine this situation in a quantitative fashion. To fa-
cilitate the analysis, we shall adopt a homogeneous
half-space model for the earth. The unground loop
buried at depth % is represented by a magnetic dipole
with a vertical axis. The situation is illustrated in
Fig. 1.

The time-harmonic problem of a magnetic dipole in
the presence of a half-space is very well known. A
great deal of attention has been given to the numeri-
cal evaluation of the integrals for the range of pa-
rameters of interest in geophysical prospecting.® In
such cases, the linear distances involved are very
small compared with the wavelength in air, but not
necessarily with the wavelength in the conductor.
Except for certain second-order effects, this means
that all displacement currents can be neglected at
the outset. In spite of this simplification, the inte-
grals in the time-harmonic problem are nonelemen-
tary and numerical integration is the order of the
day.'”? However, we wish to point out that the pulse
solution of the problem can be carried through in a
relatively simple fashion. This fact was demon-
strated earlier for a buried electric dipole,® but the
method we adopt here for the magnetic dipole seems
more straightforward.

. TIME-HARMONIC FORMULATION

As indicated above, the formal integral solution of
the time-harmonic problem is well known. ! Thus, if
the time factor is ¢'“*, the magnetic field compo-
nents H, and H, in the air (i.e., z>0) are given by

H,=bgliw) P(iw) )
and

H, = boliw) Qfiw), @
where dy(iw) is a normalizing quantity which is pro-

portional to the current in the small loop, while

Pliw)=F [ Fliw, 2, i) e2g (3p) dn,
3
Qliw)=h" [T Fliw, \, )X e (Ap) d,
where Jp and J, are Bessel functions of order zero
and order one, respectively. The function of iw, X,
and k in the integrand of (3) is

Fliw, A, h)y= [(lz +itruw)”2 + )\}'1 exp{_ (;\3 + iO‘Hw)”zh].
(4

For a loop of area A, turns N, and current I{iw), we
have

byliw) = AN(2R) " Y(iw). (5)

Hi. TRANSIENT FORMULATION

We now consider the fact thai the loop current {as-
sumed uniform) is 7,56(f), where 5(/) is the unit im-
pulse function. We then wish to calculate the time-
dependent voltages v,(#) and v,{¢) induced in a small
receiving loop oriented in the p and z directions, re-
spectively. H the receiving loop has area A_ and
turns N,, these voltages are obtained as follows:

Vp(t) =ArNr”' ?at ha(t)!

Observer
*(p,z)

T, Wf’/mﬁ? £
h

Transient
Source Loop

s |

FiG. 1. Geometry for the situation.
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vll)=AN 1 — h(t), (6}
where
Ba{t) = £ bg(s)P(s),
)]

h (1) = £78y(8)Q(s),
and
bo(s) = AN(2ak%) 1,

Here p is the magnetic permesbility of the whole
space. £ denotes the inverse Laplace transform
operator and s is the transform variable which can
be identified formally with iw in the time-harmonic
problem. Thus, consolidating the above develop-
ments, we have

vy= 2l

(8)

(9)
vty =20
where
PN =21sP(s), {10)
glf) = £7'5Q(s), (11}
or, equivalently,
pN=1 ["I87SF(s, X, B)[Pe e () d,
gy =1 [ 7 [ sF(s, A, )™ 1y (Ap} N, 42
and
L£75F (s, ), )= £25[(3® + ous) /2 + A]1
xexp[- (3 + aus) 3n). (13)

The inverse transform can be evaluated by perform-
ing the following sequences of operations:

L1sF(s, A, B)=(ou)"S (3 + ous)! /2= 2]
xexp[— (A* + ous)'/?n]

s B\ o

- g e

Xexpl[~ (M + ops)!/%h]
(o._u)uzh

:‘?lﬁ[(“fz)w]

% aph? lgi

b U 41 r.:ru
2
m)

_ 1 1 oih
T 2(aou) ERR 2f
ouht

x )‘at
OXP =4 o

Here, we have used a standard Laplace transform

(14)

relation! to perform the inversion before applying
the derivative operation.

Combining (12) and {14), we see that the desired
time-dependent waveforms are

PO =~ “”er!'ﬂr‘h ;;:, ;)Guhz/u f A’( "”" +M) o

X exp (— ;;;)Jt(kp) dA,

) 2
a3 (1 -—-——“2‘; L2 Ah) e
1]

AZ
X exp (— a—f) JoAo)dn,

(15}

1* exp(— ouk®/41)

W =-30em

where it is understood that the right-hand side is
zero if £ <0. For a gencral location (p, z} of the ob-
server in the air, the integrals are of a form which
can be evaluated numerically without undue difficulty,
In particular, we note that for ¢>0, the integrands
are highly damped as A approaches infinity along the
real axis. Also, the convergence is improved if z >0,
corresponding to an observer in the air above the
ground.

IV. REDUCTION TO WORKING FORM

For the important special case z2=0, the integrals in
(15) can be treatod analytically. The integrals to
contend with are all of the form

Ay = [ ame e g O dn, (16)

where a=t/out, m=3,4, and n=0, 1. Using the as-
cending series definition of the Bessel function
J,(A\p), we can deduce without difficuity that

o

Asa=3az (l-—)exp (-{(—1) an
2 2

AM:%, (l—é’—a) exp (—--f—a) ) (18)
I‘(n+2)

Al.l‘-‘“ EF;EE (nl) ( ).: (19)

Tin +3) o’
1= E"z (n-l-’;)(n!)’ {4a)" (20)

Actually, the 1atter two relations can be expressed
in terms of derivatives of the modified Besgel func-

tion I;. For example, if we start with the known
form®
Ag,o=3(n/ a)"/? exp(~ p*/B0M,(p? /Bar), (2D
we see that
#A
Agg=—7 8 (22)
and
A4
a=——2t, (23)

dadp *
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u"‘—ﬂD =05

FIG. 2. Waveform of the time derivative of the horizon-
tal magnetic field on the surface for an impulsive current
in the buried source loop.

These can be further reduced to a complicated com-~
bination of exponential factors and modified Bessel
functions [/, and f,. Thus, we have

s () 3589

-] (22

' (!;?
and

ﬂ" J'2p
Aﬂ l'"‘a 572

w (B-2)s
(-3

where the arguments of the modified Bessel func-
tions are p*/8o.

(237)

Using the resuits (17)-(20), the waveform functions
defined by {15) are given by

plO) == [4r' Hopr®* 1 X (D, T) (29)
and

qlf) =~ [an " ¥ouk®P 1" ¥(D, 1), (25)
where

1 1 1\ D
X{D, T)= EXP( 4T)?m[(1“§f)?7’

Sty (8508 m (2]

(26)

and.

oo ) [

Da)l

1y (0

e7) (-27)

T'(n+3) ( Dy
W ~a7) |0 @D
where T= a/F =t/ouh® and D_p/h. Here, we note
that X and ¥ are dimensionless functions of the time
parameter T and the distance parameter D. As a

consequence, p(f) and ¢(f) have dimensions of sec™
which is consistent with our formulation.

e"p( 4T +7f‘75

The series expansions indicated in (26) and (27) are
rapidly convergent provided T is not zero and 2 is
not too large compared with unity. In fact, if D=0

. {corresponding to locating the observer right over

the source loop), we see that X(0, T) =0 and

1y 1 1\, 3742 1
Y“’"’“"P(‘ﬁ)?‘fﬂ[(l"z—r‘)*jrm '

(28)

. Equivalent forms of (26) and (27) involving modified

Besgel functions are found, from (22b) and (23b), to
he

o) G-5) ()
L8
x[(??'f‘)f o ]}

(29)

FIG, 3. Waveform of the time derivative of the viertical
magnetic ficld on the suriace,
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and
wn-nen(-3) -8 (-5)
oo (-2): O "o (-2) [0-22 L)

(=g )}

where the argaments of /, and 7, are D*/87. The
functions X and Y are plotted in Figs. 2 and 3 v& the
time parameter. To facllitate the presentation, the
cube roots of X and ¥ are shown as a function of T on
2 linear scale. Various values of the parameter
D(=p/h) are chosen, including the value D=0, which
corresponds to the observer directly underneath the
source locp.

(30)

We may observe that the waveforms shown in Figs.
2 and 3 have a characteristic shape which is signifi-
cantly dependent wpon D, Thus, it is not inconceiv~
able that the shape can be used a5 a criterion to lo-
cate the source from an observer on the surface.

We note that the normalized time axis T may be read

directly in msec, if 4moh?=10%; if, for example, o
=10"% mhos/m, we find that k=283 m.

We stress that in our formulation, all displacement
currents have been neglected. This means that our
results are only valid when f is somewhat greater
than €/o sec.® If, for example, o= 10"% and €/¢,=10
for the half-space, we have €/0=:8.85%10? sec.

Further work on this subject should allow for the in-
homogeneity and possible layering of the conducting
half-space. Algso, without additional difficulty, we
can allow for the finite duration of the current pulse
in the source loop and the transient response of the
loop receiving antennas.

17 R. Wait, J. Geophys. 20, ¢30 {1995).

% H. Coggon and H, F. Morrison, J. Geophys. 35, 476
(1970).

3J.R. Wait, Appl. Sci. Res, {(Sec. B) 8, 213 (1960).
iHere, we use the classical result

£ expl— s/ = L(nt N1 2exp (—1/40
along with a simple change of variable.
SA.D. Wheelon, Tables of Summable Sevies and Integrals

Involving Bessel Funclions (Holden-Day, Los Angeles,
1968), p. 81, No. 1,704,
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TRANSIENT MAGNETIC FIELDS PRODUCED
BY A STEP.FUNCTION-EXCITLD LOOP
BURIED IN THE C£ARTH

Indeving tecmes Magacty ficlds, Tranven.s

Using a preseowdy doseloped furmsleam. we ablan evplica
results for the iekd wasetoram observed o the 1 arth's surlace
for 2 smulf horzonta! loup buned m 0 conducting haléspace
B ks showa that the diape af she wasetorm - duipnestae of the
relative lovation of the buried source. The resulls have posstble
applivation 1h fune fetcue operations,

In a previous paper.t we derived expressions for the transient
clectronugnetic tields of 4 small wire loop buried in the
Earth and excited by an impulsive current. Here we use this
formalism to caleulate the tickds on the surfuce of 1he Earth
when the curvent in the loop varnies with tew as o step function.

The model used before 15 described brictly here,  As
indicated in Fig. b owe adopt @ homogencous halfspace
maodel for the Earth with conductivity a. “1he Joop buried
at depth k is represented by a magnctic dipale with a vertical
axis. In terms of u cylindrica) co-ordinate system {p, ¢, 2),
the Earth’s surface is - = 0 and the homoeeneous Farth of
conductivity & occupics the region = < ¢ _The loop is located
at = —h op the - axis. The quantities of interest are the
voltages v.{6) and r.{r) induced in small receiving loops
oriented in the radial and sertical directions. respectively. In
the previous paper. we derived closed-form expressions for
these vollage waveforms w hen the current was 1, 4(r) Amperes,
where 011 is the unit impulse and fo is a constant, Numerical
tesults for the impulse-response waveforms pls) and 41 were
given for the special case where the observer was located at
the Earth’s surfuce - =90. The results have also been
generalised for a sourge Yoop of finite size.? In this case, the
inverse transfurms required numerical inegration. in what
follows here, we will restrict attention to the magnetic-dipole

lz-

observer
*lg,2)

FTT 777777777 A7 77777 7P

transtent

source |°02®_

Fig. 1 Geometry of the situation

approximation, so that the dimensions A and p should be at
least five tinies the radius & of the source loop.  As belore, we
neglect all displacement currents.

We now consider that the current in the source loop is
Iy et amperes, where witd = 1 for t >0 and O for 1 < .
Then, by an application of the convolution theorem, the
corresponding voltage responses arc

l"(')} A.\‘Ala\‘? fto "' [p(f)

= Hi—o)dy . . (D
a0 2nh?

qr}

where yto = 4z x 10" " H'm, 4 = ng* = arca of source loop
(i.e. magnetic dipole) of radius 2. N = number of turns in
source loop, A, = arca of receiving loop (of infinitesimal vize)
and N, = number of turns of recening loops.  Explicit
expressions were given before! for the functions pt:) and
q{r). For what follows, it is convenient to rewrite cgn. | as
follows:

o1} _ ANAN e

w1y 2nk?
. .
volis henrys

Reprinted from ELECTRONICS LETTERS Vol. 8 No. 11

\ . \ js,\ln. 7y
. i - nd- N
Chattau® It g Dy ) ) .
e e "

tsevonds) - HG N PR

where we line andwated the plvsical dimensions of (.
vatiows Becters Hereo Xoand Y oe diimensionless functon.
defined by !

YT R | v
2 by
. L‘Np(-- e ) [ (I ba- i‘\ ) At
yip. i a7 or

R ENETY
xeapt -t 1y dv (3
Julx )

where ? Sotap, YN and Bl As mentioned abone,
the Tuactions \and ¥ owere evaluated by both analviival amd
numerical ieecatton for {his situation. Thus for a speciticd
form for 10, we need to perform i further integration as
indicated by cqn. 2,

‘When the scuree current is & step function, 1) = 1, u(r),
we see that :

Y ANALN - XD, T)

A0 Inh? “&}(’;‘G_#;ﬁé (b, T
where T e 1972 Vol 8 Ne. 17
XAp.TR Y ix(p,F) _
]."‘: . dT . . . - . (5,
vun. ) 5 \vip Ty

where T =t f{ou, %)
Using numerical integration, the dimensionless functions X,
and ¥, are plotted in Figs. 2a and 28 as functidns of T for

L i _J
Q . a5 10 e

T

Fig. 2o Wavelarm of the voltege in the recewing loop with
radially otiented axis

several values of H. As indicated, these step function v .
ponses approuch sero for large values of the bme pirnneto
T. This can castly be demonstrated analyticafly, ancd D o
is a check on the accuracy of the mamerical intesranon

We stress that, in our Tormulation, Wi dieplacenunt
currents have been neplected,  Thig gncans that our resalty
are only valid when ¢ is somewhal greater than o 'a second,
W, Tor example, & = 1072 and e/, - 10 Tor the halfapae,
we have sfa = B85 = (3 ¥y,

I is believed that these waveform luscnions 3 and ¥ can
be usefud 10 interpret signids received on the sorlace fog o
pubsc-excited bured Inop. The fatter condd be any unearthd
Wie lying mone:or dess i a0 hopsongal plai The puraee
ot vld he a Dattery connected g the loog by a sonph
onfoll (opple swilch

B s evident ket the wirveharns shape deprods on 5 Thin,
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Fig. 2B Waveform of the voltage in the receiving loop with
vertically oriented axis

it 15 possible that the wavetorm can be used as o readily
detected criterion of source location for a4 single observiion
point on the surfuce. We note that the tme parameter T can
be read directly in milliseconds it dnah’ WL For enample,
a = 1072 8/m, we see that & = 283 m. The Teasibility of such
a scheme in ming rescue operations needs o be esamined.
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A previous soiution for a puise-excited dipole is extended to allow for the finite size of the buried source
loop. Numerical results for the above surface fields are presented. We also consider the situation when
the finite source loop is located on the surface and the observer is buried. It is suggested that the
waveform of the received pulse signals can be used for direction-finding and source location.

. INTRODUCTION

In a previous paper' we presented a theoretical analysis
for the transient magnetic fields produced by a pulse-
excited magnetic dipole buried in the earth. All dis-
placement currents were neglected, so the solution was
not valid at very small times in the transient response.
It was shown that the magnetic field waveforms on the
surface depended on the conducitivity of the earth and
the geometrical parameters of the problem. The re-
sults have possible application to mine resc¢ue opera-
tions. We consider here a number of new aspects of
this problem.

il. FORMULATION

An important extension of the theory pertains to the use
of a source loop of finite size.? The situation is indi-
cated in Fig. 1(a) where we have located a horizontal
single-turn loop of radius a at depth k. For an impul-
sive uniform current [,6{¢), we then wish to calculate
the waveform of the field at an observer point P, at a
radial coordinate p on the surface. The theory given
before is almost directly applicable to this situation. In
particular, we again consider the time-dependent volt-
ages v,{¢) and v,(#) induced in small receiving loops, of
area A, and N, turns, oriented in the p (radial} and the
z (vertical) loops, respectively. Then it follows that

v, () =[AA N, ul,/@ri®)]p(1), (1

v, () =[AA N, ul,/@1h)]4(1), (2)
where A =nat,

PO =1 [ [@sF(s, ), k)]e I, (\)AN) dA, 3

g)=w [ [&sF(s, A, m)]Fe ™I, ()0 d, @)
with

fOa)=24,(xa)/ (Aa) (5)
and

FisF(s,\ h) =2 's[(M + ous) 2 4]

x expl— (32 +aus) /2p], (6)

The inverse Laplace transform indicated above was
treated explicitly before.! But now the added complica-
tion? is the function f{Aa) that can only be replaced by 1
if a becomes vanishingly small (i.e., the magnetic di-
pole limit}),

Following the normalization used before, we write
P ==[4m 2ouPr ] X(D, T, Z, A), (7
Q(t) = - [477”2(0#)2}14]-11’(-0’ T, z, A); (8)

where X and Y are functions of the dimensionless pa-
rameters D=p/h, T=it/(cuh®}, Z=2/h, and A=a/h.
From {7) and {8) in the earlier paper! it follows that

X 2 N 1
Y= T exp( 4T)f (1+x ZT)x"
x exp(-fr){j;gg; FxA) exp(- £2) dx, )

where f{xA) =2J,(xA)/(xA).

. SOME RESULTS FOR BURIED SOURCE LOOPS

The case of immediate practical interest is when the
observer is located at the earth’s surface (i.e., Z=0).
The waveform functions X and ¥ have been calculated
using numerical integration for this case and for a
range of values of T, D, and A. Thege results for X are
shown in Figs. 2(a) and 2(b) where the abscissa is the
time parameter T. The curves in Fig. 2(a) are for A
=0, and the results are in agreement with those given
before! for the magnetic dipole case. The influence of
having a nonzero value of A is seen in Fig, 2(b). While
the curves have a qualitative similarity, there is a sig-

qlt)

pl—pih
k\\‘ﬁ\ RN \\\\\ SR
I, 8(t)
(a)

[,3(t) h
i g(t)

)

FIG. 1. {a) Buried circular loop excited by an impulsive
current. (b Circular source loop on surface.
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FIG. 2. Normalized impulse response of voltage in small vertical loop on surface (with axis oriented in radial direction) for
buried source loop.

nificant difference between the two cases. The agree- formula. To correct the earlier development,! we note
ment between the results based onthe analytical formu- that the factor multiplying I, in (22’) should be
la for X (for A =0) and the mmerical integration re-

-n? 2
sults (for A =0} gives confidence to the curves, #/o-p'/8a
The corresponding waveform functions ¥ for Z=0 are and the factor multiplying J, in (30) should be
shown in Figs. 3(a)—3(c) for the same range of the pa- D*/T-D%/8T2,
rameters. The case for A =0 here disagreed with the
numerical results given before,! but this was traced to The earlier numerical results? for ¥, when corrected
an algebraic error in the derivation of the working for D> 0, agreed to within five digit accuracy with the
1000 . —T T 100 1‘1]T|;ri\|‘lwiwl; '00_\"'“"' T T
-:'I A:0 g D=1 A=0 ; _;":‘." 005 A=t
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FIG. 3. Normalized impulse response of voltage in small horizontal loop on surface (with axis vertical} for buried source loop,
Also applicable to small buried horizontal loop and source loop on surface (see text).
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FIG. 4, Normalized impulse response of voltage in small
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for source loop on surface.

numerical integration data shown in Figs. 3(a) and 3(b).

V. SOURCE LOOP ON SURFACE

A situation of even more practical interest is when the
source loop of radius 2 is located on the surface and the
fields are to be observed within the earth. The situation
is indicated in Fig. 1{b). We again consider that the
source current is I,5(¢), and then the time-dependent
voltages v,(/) and v,(s} induced in small receiving loops
at P are given by

v, ()= - [AA N, ul,/@7h%)Im(t), (10)

31

e D= [AAN 1l Ruh g, (1

The waveform r,(1) is the snme here as in the recipro-
cal situation mentioned above, Thus, () is again de-
fined by (4). On the other hand, »i{(f) is to be obiained
from

e
= L7 s F(s, A\ )2 (e Mof{aa) oy,
an J,

{12)

where now z, corresponds to the elevation of the source
loop above ground and k is the depth of the observer.

mif)= -2

Evaluating the inverse transform, as indicated before,!
we get

2 2
xexp(— cr;xth ) exp (- -gé 22T (A} fa) dA

_ 2. 1 - cuhz)
m(t)—--ks-a—iw—l—zounlztszl (M+1-_—2t

i (_ Guh"')
= Zopmizse P\ g
“ {ou)lr®  3ouhk ( ot
[ POl Ll vl 31 - 5
xj;["( ZVC e TH N e T )]
xexp = (3/ou)iJ, (Ap)f(ra) dn.

Putting this in dimensionless form, we find that
m(f)= = [4nt 2 ouPR;V(D, T, Z, A),

where

ool ) [Tl i) 3]
x exp(—® T, (xD)f(xA) dx,

where D=p/h, A=a/h, T=1/(ouk?), and Z=2z,/h.

Using numerical integration, the waveform function vV
for Z=0 is shown plotted in Figs. 4{a) and 4(b) for the
same range o: the parameters.

V. CONCLUDING REMARKS

The waveforms p(), g(t), and m(t) shown here all de-
pend significantly on the parameter D, which is the
ratio of the observer’s radial coordinate p to the depth
k. This i= true for both finite and infinitesimal loops.
Also, wu aote that the transient coupling between a
finite horizontal source loop on the surface and an in-
finitesimal buried receiving horizontal loop is the same
as for the reciprocal situation where the finite source
loop is buried. On the other hand, the transient cou-
pling between the horizontal finite source loop and a
small vertical receiving loop depends on whether the
source loop is on the surface or buried, In the latter
case, there is a difference between the up-link and the
down-link situation. We stress, however, that this is
not incongistent with the principle of electromagnetic
reciprocity, since the mutual impedance for a given
configuration does not depend on which loop transmits.

'J. R. Wait and D. A. Hill, J. Appl. Phys. 42, 3866 (1971).
1. R. Wait, Geophysics 19, 290 (1954),
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Transient Signals From a Buried Horizontal
Magnetic Dipole

By D. A, HiL))

Susnmary - The impulse response for a horizontal magnetic dipole buried in a conducting half-space
is obtained in closed form by an inverse Fourter transform of the known time harmonic solution. Since
displacement currents are neglected, the response is not valid for very short times. The waveforms of the
magnetic field components at the surface have geometrical dependences which may have application to
source location. )

1. Introeduction

In a previous communication (WaiT and HiLw {1]) it was pointed out'that a method
of signaling to the surface was to shock excite an underground horizontal loop of wire
(vertical magnetic dipole). It was indicated that the source location could be determined
either by searching for the null in the vertical magnetic field or by observing the wave-
shapes, which contain sufficient information, at arbitrary locations. However, if the
loopis not quite horizontal, then the effective magnetic dipole moment has an additional
horizontal component which changes both the null location and waveshapes. Conse-
quently, it is of interest to obtain the pulse solution for a horizontal magnetic dipole so
that the solution for arbitrary orientation can be obtained by superposition. Also, the
horizontal dipole itself may be useful in source location since it has a null in the vertical
field directly overhead.

The time harmenic solution is well known, but even in the quasi-static case where
displacement currents are negligible the sotution requires o numerical integration,
However, for the pulse solution we are able to evaluate the required integrals analytically
and obtain a closed-form solution. This has also been done eurlier for the buried
clectric dipole (Wart [21).

2. Fornmlation

The starting point is the well-knowa time harmonic solution {Wan and CAMPBELL
[3] and Wair [4]), and the geometry is shown in Fig. |. The half-spuace (z -= 0) is homo-
geneous, isotropic, und nonmagnetic, and has conductivity 6. The source is a smali :cop

'} Department of Commerce, OT/ITS, Boulder, Colorado 80302, USA.



of arca 4 and N turns carrying a current 7 which varies as exp (fewr). The equivalent
magnetic dipole source is located at z = —/ on the z-axis and is oriented in the positive y
direction. Displacement currents are negligible at the low frequencies of interest here.

Z

g

Figure 1
Herizontal magnetic dipole in a conducting half-space

If the observation pointislocated at the interface, then the magnetic field components
(H,.H,, H,) are given by

_ IAN CG(w)
Hx(w)—ﬁCS[T—M(w)], 1y
—~IAN | §?
Hfw)= EEy {5‘ Hw) + C? M(a:)],
H = il CN(w)
Aw) = 2nh® '

where C = (y/p) = coso, S = (x/p) =sing,, and D = p/h. The dimensionless integral
functions M, ¥, and Q are defined by

M(@) = f F, w) {Jo(lp) - i‘—%}@} 2dA, @)

N{w) =5 J' FQ, )1, (A0) 221,
(43

Qw) =k _rF (A, w)J\(Ap) 2 d4,
Q
whre

(A2 + fwoue)'? exp[—(A2 + iwouy)!/? b

Fl,w)= .
4, ) A+ (A2 + iwopy)/?
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to 1s the permeability of free space, and J, and J, are the zero-order and first-order
Bessel functions.

In order to obtain the impulse response, lét'the loop current equal Q,8(¢), where Qg
is a constant with dimensions of charge. The trafisierit voltdges induced in small
receiving loops at the surface (v,,v,,v.), where the subscnpt refers to the direction of the
loop axis, are given by the following

ahx
01} = A, N, o ) ;) )
oh(t
Uy(t) A Nﬂo af)
oh(t
z(t) A N rHo af)

where h,, h,, and h, are the time-dependent magnetic field components which can be
obtained from the inverse Fourier transform of the time harmonic magsetic field
components given by (1). Consequently, the time-dependent voltages can hewritten:

Qo ANA, N, o gw ,
v.(t) = RTE cs [ D M (r)], 49
z
v{t) = M’.‘_"'_ﬁ"_[s Q (t) +EE N (,)]
2nh?
Qo ANA, N, o
oll) = —— CN(r),

where #M’, N', and (' are the time derivatives of the inverse Fourier transforms of M,
N, and Q. By the differentiation rule they are given by

M(t) = F-'lioM(w@)), %
N(t) = F\ioN(w)],
0'(1) = F ' imQ(w)],
where F~! denotes inverse Fourier transform.

Since the only frequency dependence in M, N, and Q is contained in thefunction
F(A,w), the inverse Fourier transforms in (5) can be rewritten

M(@)=hr _Tﬁ‘ "4, 1) [.Io(l ) — M] Ardi, {6)

Fy=m [ Q0300 222,
0

o0 =k [ FaonGnd,



where

F(L 0 = F HiwF(, o).

Consequently, the remaining problem is to evaluate F'(} 7). By rationalizing the
denominator of F(4,w) ana applying the differentiation rule, we arrive at the following:

FQ, 1) = (opg) [P + a,uog; +1 a—i-] ¢))

F~Yexp{—(A® + iwous)'? h)}.

The following transform pair can be derived from classical results plus the shifting
theorem:

R A%y
ok _ Gilo I

F~Yexp[—(A? + ioge o) A]} = , (8)
2Vqe?

whereé'the time function is zero for negative ¢. Since this will always be the case, all
following time-dependent quantities will apply only for positive ¢. By combining (7) and
(8) and carrying out the derivative operations, we obtain the following

Fu,n=

( olght A f)
exp|— —-— _
4t ouo [02 wAR 3ough N A(l _ a,uolzz)] ©)

2Vrap, 132 2t

412 2t
Thus, the received voltages are now given by (4), (6} and (9). Only the A integrations
remain to be carried out, and this will be done in the following section.

3. Reduction to working form

In order to evaluate the functions in (6), we need to evaluate integrals which are all
of the form: ’

Ay = f am=ai? J () 5) dJ, (10)
0

whered = t/(ouo); m= 1,2, 3; and n = 0, 1. The following integrals have known forms

{WHEELON [5]):
L -3\ [o?
Ao.o=5'~/;exp(_"8a)fo(“@), (1
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4q?

where I, 15 the zero-order modified Bessel function. The remaining integrals can be
derived by differentiation:

oA
Ayy=—— . (12)
dp

- P’
Vapexp (_ﬁ)

= —"'—8_3;;'_(!0 - Il)’
[+4

where I, and J, are zero- and first-order modified Bessel functions of argument p?/(8«).

It is now possible to substitute the results of (9), (11), and (12) into (6) to obtain the
required time responses. However, it is first convenient to introduce a normalized time,
T = t{{oyo1?). By also using the earlier parameter, D = pfh; we can now write the time
responses in their following normalized forms:

exp|— ! —E
AT BT /[vr (1 3\[1 D\ (13)
8Vmouo R T2 | T2 \4T  2J\2” 4T )"

—-D? 1
(lo— 1) texp (Tf-) (l - ET) (1 - 22;-)] ,

M) =




N(t) =

. 1 D D?
———— xp| —
“P\Tar 8T) P\ T (1 3)

8 Vn(op, h?)* T T2

aT 2
\/?El 1 3D21+(D21]
+_z""2_'T24T°‘4T2"

1 p?
) DCXP('—E* 33?) Vo {1 3 -D? l
g@) - (o — 1)) +exp (~—8—7~,—)(1 : ”

S Vramay T | T \TT 3 i

In order to express the received voltage in (4) in the simplest form, we can substitute
(13) into (4) and rewrite the result in the final form:

' v,,(t)} {CS[Q.(T)—M..(T)]'
=K

0,{t) —[$* @(T) + CZ M(T)] (14)
v,(r) CN(T)
where
K= QD ANArNrHO
 2nk(opg i)t
o i737)
exp | —-——— .
AT B8T/{v=Z {1 3\/1 D?
M) = 8§V T2 [Tuz (':53 - "2') (’i - :ﬁ:) (o~ 1))
_DZ l l 1 D:’-
w35
. -1 D? -D*y
. T ¢ p Zi:_ —8—?_‘ exp -E-j-: l 3
= 8VaT* T2 (ﬁ_ E)

\/?El I\[3_2y, (2 N,
S A

1 D?
cxp(_ﬁmﬁ) Vo[l 3 D? 1
o -
Q,.(T) = PRV [27‘”2 (‘ZJ‘: ”‘5) (o — 1) +exp ( 8T )(l — 5?) .
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Note that K has units of volts and the normalized functions M, N,, O, are dimensionless.
The form of (14} is especially convenient because the response magnitude is determined
by K, the waveshapes are determined by the normalized functions, and the effective time
constant is opgh®.

4. Numerical results

For a general observation point on the surface, the three received voltages are
functions of the three normalized waveforms, M,, N,, and Q,. However, for special
cases on the x- and y-axes, the results simplify. For instance, on the positive y-axis, we
have

v d0) 0
o{t) }=K{—-M(T) (15)
vt) NAT)

A plot of M, which is proportional to v, in this case is shown in Fig, 2 for various values
of D. Note that the waveform stretches out and changes sign as D increases, This sign

150 —
166 [— 0:0
Mﬂ
Q.2
w —
o @ T 03
—]
) | ol
.w —
20
100
[oX:]
150
Figure 2

Normalized waveform, M,(T), for various values of D

change is not surprising since it also occurs in the static case. A plot of N, which is
proportional to v, is shown in Fig. 3 for various values of D, The waveform is zero for
D =0 because of the overhead null in the vertical magnetic field. The waveform
increases in magnitude for small D to a maximum value and then begins to fall ol and
stretch out for larger D. .

On the x-axis, we have the following result:

v () 0
v, (1) 1= K{ ~0Qu(T)
v,(1) 0
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Normalized waveform, N,(T), for various values of D
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Normalized waveform, Q,(T), for varicus values of O

W

A plot of @, which is proportional to v, in this case is shown in Fig. 4 for various values

of D. As D increases, Q, is seen to decrease in magnitude and stretch out.

5. Co' - luding remarks

A closed form solution has been obtained for the impulse response of a buried
horizontal magnetic dipole with the restriction that displacement currents are negligible.
This means that the results are valid only for 7 somewhat greater than g/a. However,
this restriction is not serious since such times are orders of magnitude smaller than those

of interest here.
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Although the prime motivation for obtaining the horizontal dipole solution is to
allow a solution for arbitrary dipole orientation, the horizontal dipole (vertical loop)
has possibilities of use in direction finding. For instance, it may be possible to search for
the null in the vertical magoetic field or to deduce the location from the waveshapes
which depend on the source-receiver geometry as shown in Figs. 2-4. Atthough only the
impulse response waveforms are given here it is possible to obtain responses to arbitrary
current pulses by convolution as was done for the vertical magnetic dipole case (WaiT
and HiLL [6), and WaiT and Hie [7].
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An infinite line source or current-caryying cable on the surface of a flat homogencous carth
is considered. The integral formula, for the case of negligible displacement currents, is re-
duced either to tabulated functions ot to a form suitabie for numerical integration. A table of
numerical values of these basic integrals is presented. We also show that, in principle, the
relative location of the line source can be deduced from measurements of the subsurface field
The results have possible application to mine rescue operations.

INTRODUCTION

In certain aspects of applied geophysics [Grant
and West, 1966}, one is interested in the nature of
the electromagnetic fields within the earth for a
source on the surface. For example, if a communica-
tion link is to be established from a sender on the
earth’s surface to a receiving point in a mine or other
subterranean terminal, it is necessary to choose a
transmitting antenna and an operating frequency
that are appropriate for the task. With this objective
in mind, we shall consider a two-dimensional model
which hopefully provides insight to this problem. The
earth is regarded as a homogeneous conducting half-
space in this formulation. We also consider the pos-
sibility that the structure of the measured subsurface
field can be employed to deduce the relative loca-
tion of the line source on the surface.

FORMULATION OF THE GREEN'S FUNCTION

We begin with the fields of a uniform line cyrrent
I at (¥, ¥) in a nonmagnetic homogeneous half-
space {y < 0) of conductivity ¢ as indicated in Fig-
ure 1. Everything is considered to be invariant in
the z direction, so the posed problem is entirely two-
dimensional. The fields are taken to vary with time
as exp (iot), and the (angular) frequency o is suf-
ficiently low that all displacement currents are neg-
ligible compared with the conduction currents. The
electric field at P{x, y)} has only a z component
E(x, ¥) and it can be conveniently written as fol-

Copyright ® 1971 by the American Geophysiczl Union.

lows [Wait, 1962}:

E = (—iupwl/20)G(x, y; X', »") (1)
where po = 4« X 1077 is the permeability of free
space. Then the ‘Green’s function,’ for y >0, is

Glx, y; ', ¥") = Kolylx — x' + (» — )1
— Kolyltx — x'Y* + (v + »)'1'"%

@ e-u(v#v‘) ,
-'{-2]; mcos[)\(xﬁx)}d)\ (D

where 4 = (A + ¥%)%2 and y* = foue. The first
modified Bessel function on the right-hand side of
{2) can be identified as the Green’s function of the
line source for an infinite medium, while the sccond
term s associated with an ‘image’ of the line source
atx = x" and y = —y’. For the region y < 0, we have
o e—un 'ei\v
u—+ A
It is not difficult to verify that G has the proper singu-
larity -.i the source, and that G and 9G /ay arc con-
tinuous at the interface y = Q. Also, we sec that
(V2 — ) G =0fory > 0, while VG = 0 for
y < ©. Furthermore, if Re 4 > 0, and noting that A
is also real, the solutions for G behave properly w-
[¥| = o0. In establishing the correctness of (2) und
(3), one makes use of the integral representalion

Glx,y; x", ') = 2f cos [Mx — x"¥ dh (3)
1]

o -uly!

koGt + o = [ C e @)

0

This key formula js also used in the developments
which follow.
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Fig. 1. Current line source in the presence of a hemo-

geneous half-space.

SUBSURFACE MAGNETIC FIELDS FOR LINE
CURRENT ON SURFACE

A sitvation of special interest is when the line
source is on the earth’s surface and we observe the
resultant magnetic field H at a subsurface point
P(x, h), as indicated in Figure 2. Thus, in (1), we take
xX =y = 0 and use ipwH, = —3E/dy and

ipow H, = 4E/dx to obtain

I —uh
= — 5
H, oy u_’_)\e cos hx g\ &)
Y 3 i S
H’—+1rj; u+?\e sin Ax dA (6)

while, of course, H, = 0. While the evaluation of (5)
and (6) for the general case requires numerical in-
tegration, the important special case for x = 0 is
amenable to analytical treatment. Then the magnetic
field is purely horizontal, (i.e., H, = 0) and is re-
duced as follows:

7

—_ 0 = —— m__f’_ gk
H,=H, - j; P X € dA
o e—ub
= +— - dA
x ok a4+ X N
— _+£ v — —uh
+ﬂ 8kf (= Ne™
where we note that (4 — 1) (u + A) = y*. Now a
special case of {(4) is
L] e—vk
[ = a = Kotrny ®)
o u

thus

™ » &
j; e A\ = s Kolyh) 2]

Similarly, if we use the standard form

eh (10)
we have
o _ F —Th
j; e (1

Thus, making use of (9) and (11), we see that (7)
is equivalent to

3 z —'rh
B = 4 ! [";Ko(vhw—a-w ]

dh ' h a2
By utilizing -the Bessel function relations
dKo(e)/da = — K\(a) (13)
dK\(a)/dx = —[Kia} + a™' Ki()] (14)
we can express (12) in the form
H' = —[1/(2xh)] Aela) (15)
where
Ae) = 2Kyfa) + 2(a + f) K@)
-2+ 2a+ et (16)

where a = yh = (iopow)?/2h. At sufficiently low fre-
quencies (i.e., « — 0), we see that 4,(«) approaches
1, and we recover the expected static form. On the
other hand, the hlgh frequency limit (ie., a —> )

leads to
Aoy ~ (27"‘1)”2 -

a7

I
v
/////////T////FIIX

y

Fig. 2. Line source on surface and field components to
be observed at subsurface point.



which is a factor of 2 greater than the corresponding
result for an infinite medium. In this asymptotic limit,
the air-ground interface has the effect of doubling
the field of the line source.

In the general case, for numerical work, it is con-
venient to express (15) and (16) in terms of dimen-
sionless parameters H = (opw)'/*h and X = x/h.
Thus, on changing the integration variable to s = A,
we have

H:

1]

I
" 2rh AH, X

f
H, = +21rh B(H, X)
wiere

_ (st 4 IHHY?
ar 3 =2 [ SO

vexp [—(* + iH) ") cos (sX) ds  (18)
- " $
B, X) = zf., YT
vexp [~G" + iH)’Isin s ) ds  (19)

The corresponding form for the electric field is
E = (—iwwl/20)F(H, X)
where

F(H, X)

il

G(x, y; 0, 0)
o —
o &+ iHHYY 5
-exp [— (s + iH*)'"?] cos s X ds

(20)

Because these integrals recur frequently in elec-
tromagnetic induction problems involving buried
terminals, tables of the integrals .4, B, and F have
been prepared. Except for the case X = 0, numerical
integration is necessary. First of all, however, we dis-
cuss some limiting situations which are useful for
checking the numerical work.

LIMITING FORMS

A very simple limiting form is when the frequency
tends to zero. Then y? ~> 0 and then (5) and (6) re-
duce to

- K

2xh W+ %
(21)

H, = H, = «—5'; et
a

* cos Ay d\ =

- ‘Lfm g - xh
H,——H(,,,~2“_ , e SdeA_Erhh:ﬁ-xg

(22)

Then, the corrc#ponding forms of (18) and (19)
are sirnply

a+ xH (23)

A(O. X) = Ao

B0, X) = B, = Xx(1 + x°)” (24)

Another useful limiting case is to allow the con-
ductivity or frequency or both to be sufficiently high
that |yx| can be regarded as a large parameter. Some
consideration shows that this justifies the replace-
ment of exp (—uh) by exp (—vh) in the integrands
of (5) and (6). Then also

" cos Ax _y o {7 cOs Ax
P [ o [Ten
\ “_*_ke dh 2e u+)\dh
2 .,
N:y"‘g';ge A (25)

where we have used previously developed results

TABLE 1. Field calculations for a line source on a con-
ducting half-space at zero frequency limit (H = 0)

A n A

x (-] o -

.0 1.009 44 £.000+0 RERRE T
a1 9.901 « 1 9.901 - 2 1,900 + 1
0.2 79,615 41 5.923 -1 5.000 + 0
0.3 9.1 <1 2,758 -1 333140
0.4 B621 .1 3.443-1 21500 + 0
s 8,000 -1 4.000 - 1 20004 ¢
0.6 7383 .1 4412 -1 1567 4 p
@7 - 6.711 41 4,688 - 1 429+ 5
0.8 £.098 . 1 4,878 -} 1L.tw+a
0.9 5528 .1 4,912 -1 LI+ g
1.0 5,000 - ¢ 4.000 - | Logee + g
11 4,525 -1 4.977 -1 A
1.2 4,098 -1 4.918 - 1 ERRE VIR
1.3 L7 -1 4,833 -1 Toedl - )
1.4 3T -1 730 - 1
1.5 3,017-1 4615 -3 1
1.6 LIS | 4. a%1 - | -1
L7 A A | 430 - -1
& 2,358 .1 4.245 -1 1
[} 2,169 -1 41 - )
2.0 2,000 -1 4.000 -1 t
2.1 1,443 - 1 1882 -1 e
2,2 1.NE - 47T o 1 Pl
.4 1.%%0 - 1 4657 -1 . :
z.4 1,479 -} [RLLT I [

2.4 21.379 -1 R TRt L

N | BT I} 51 -1 i

2.7 1,206 -} 1,247 - L "

2,8 - [T R

z,9 1,065 -1 SoUmg et A
3,0 1.4000 -t 1040 - | o
L LIPS R 7N DR
i2 KT -2 Sondt Lt ] .
L] BoALD - 4 2775 - ERE T
5.4 EAL LY IS 2t e LAY SN
[ T.547 4 R 2,442 .| oWy
L) LAkd -2 4,51 . ¢ 4oiin
LT LIS LI ) Aot .S
LI L 417 .2 P 1 £ohetr oy
r9 L1492 £ AW - LR 1
1.6 LT ] IR LI | e
4.1 LT Lk Mt al TV
£2 LY L Y} é.2% . FARTY] J
1. 1M o-2 2. 20 o | AT
44 4922 216 -1 400 -y
4,5 4,706 - 4 L. 618 S Alh - )
4.4 4842 LR ] 2074 .y
1.7 .35 -z 2.05% -4 008,
LN 4,760 - 2 19T -t AL TN
4.9 1,998 .2 1L.9% -1 LA IO
L ERLY TR [ RN taan g
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[Wait, 1962). Thus,

—> oo,

for the asymptotic limit HX 2 1 _
A~ e [—)'"* H)

(E)l/2}{

2

B~ L exp =) H

=
iH/ x

In particular, we sce that

F o~ —'.; exp [— ()" H] (26)

iH x

In a similar fashion, we readily find the corrspond-
ing asymptotic forms A/B ~ (Y H X/2

TABLE 2. Field calculations for a line source on a conducting half-space

27)

(28)

(29)

CIERTET] Mozog.sn
¥ & PHESE{ ) [:] SELB) L] PrRASE(2/8) F PHASELF)Y X A FHECELS) I PrASELAY arl PEASE ta sy F PHASE(F)
IN DEGREES TH DEGREES Ih DEGREES 1H DEGREES IN [EGRRES [N LLER:LS Ih DEGREES IN OECREES
p.58 1.041-000 i1k 2.9864000 -15.79 1.0924000 0.6504000 1,6009900 34,91
.02 L.0u1e008 Ls “0.59  5.,215400; 1.73 2.986+000 -15,79 1.092+300 1.299-002  -8.4E 67519001 PeRE L.400+000 -3u.91
0,34 1.035+880 L.iw =059 2.60es00y 1473 Z.985+¢Q00 ~15.79 3.793-002 -B.4f 2.87E4001 2236 1.%004000 -34.97
D36 1.037ed80 [T 0,59 1.7394901 1.7 2,384+000 -15.80 JF7A-0B2 B8 1,9184001 2,087 3,3954000 - 36,94
£.48  1.035+000 t.1e -0.5¢  1,30ue001 L1.7h Z,903+008 -15.88 F4549-002  -B.4d  1,4390001 1,3904000 -34,97
e.10  1.031e000 1.15% -1.59  1.043¢00 1.74  2,981+000 -15.49 1.0814000 9.401-002 -B.5L  $.152+4001 1.396+000 -35.00
£.15  1.013+000 Ju16 L.kh4-G01  -0,50  B.960¢00Q 1.76  2.575+000 =15,84 0.15  1.078+000 1.392-00t  -8.59  ?.689+L00 1.2914000  -35.40
€.20  1.003000 1.18 S.224+000 1.79  2,9674000 ~-35.8% 8.20  1,05u+000 1.823-001  ~8.6%  5.TA04000 1,3864200 -35.25
W30 G.584-001 1.2 3.490+000 1.87 J9R44000  -16.01 9.3p  1.0104000 Z.6D4-D0L  -8.97 3. e7&s000 13642080 ~35.67
g.t0  2.001-001 i.m 2.625+007 1,98 2.91%4000 -16.17 Dokl 9.5uu-DO) 3.262-001 -9.36  2.9344000 123384080 -36.7Y
Q.57 8,418-001 1,43 2.108:000 2.13  2,879+800 «16.37 0.58 3.766-000 -¢.85  2.3?heD0A 1.336+880 =-36.492
060 T.763-004 1,55 1.76L+004 B.30 0 248384200 =16.53 4a126-001 =10.42  2.0064000 1.271+000 -37.72
P70 7.12Ze00L 1,70 145264090 T 51 2.794¢000 -16.8% 0 4ad6e-001 ~11.08  I.7L540G0 1.233+000 -3R.62
0.80 h.or 1.3324000 2o7%  2.7484000 -37,12 080 L.G0B-001 -11.81 3.55B¢0090 1+534+G00  -1y,.60
0.90 2.85 1.1384000 J.E0 2.701¢000 -17 .41 B.%0 6.5Bk-001 ~32.60  1,4144300 1.156¢080 ~40.63
1.80 2,26 4.580-00% 1.0BTA00D  E.PB  2,.656s000 #17.72 1.00 Ly 554-001 -:1.4E  2.2984009 J.1deedDD -e1.72
1.10 Za43  k.056-001 9.964-681 359 2,6064000 -13.03 1.10 ~Bukl RoLGT-DOL -14,35  1.208¢000 1.8764067  -4Z .85
.20 £.73 L, F94-001 9.245-081 3,92  2.5594500 -18.35 1.20 5.000-301  -6.82  L.hDS-POL -1S.30  1.335s000 1.0354000 r4u.0t
1.38 2,99 W, 807-001 B 55000y €27 2,5134000 -4B.64 130 G.B)5-001  -9.2% G TAA-G01 -16.20  L.07Be0RA 7.4 §,965-001
1o 3,26 4.702-004 B.0b3-001 Wabh  2,467e000 ~19.01 140 %, 270-001  -9.67  4.156-081 -17.30 1. 02A¢9ED 7067 +596-001
1.50 .54 4.58b-00% 7,605-001 3,03 2.473e300  +i8.34 1,50 +563-001  =10,11 4, 014-201 -15.36  9.ATL-001 8.23  9.739-001
1,60 I.86 au63-00L 5,43 2.38C400B -39,67 JB0 Tok89-001  -18.56  3.8h6-DD1 -19.%2  9.541-401 Bib6  g.B9E-001
1.70 daie u,137-001 L1 2.3184080 -20.01 1.T0 Jokbas001  -t5.01 3.715-001 9. 264-001 .40 B.585-081
1.80 LTS LPEA-001 6.28  Z2,298¢0008 ~20.34 1.40 3.0IN-001 -1t.eP 0 3.EP5-000 9.hFu-003 10,16 €.24¢-D01
1.90 “aTh Ll ORR-DOY 6,72 Z.2580000 «70.&T 1,90 1.00k-001 Gutlb-DOL LD.B2 7, 0u5-Q01
£.80 T.e15-001 Sa13 3 . Tai¥ o 2.228e000 -71.00 2400 T.851-30) ALBBT 001 11.49  7,LhL-Db1
2ol0 2.067-001 Saku S.p93-00y Ta63  Z.lededpn  -71.34 2040 Z.92-001 AL abl-C0L 12217 F.505-L3L
2,26 2a0r-t0 aLrE 5.710-003 8.0%  Z.1484000 -ZE.&7 2,20 2.t67-001 B.an7-0UL F.109-001
2.3 Z.bRb-d01 [T %,550-001 A58 Z.1134Q00 73,49 2.30  2.eik-B00 (TR
EEL LR PELLEd 1) ] LN Sakdb-00y 9.4%  2,075+000 -22.%52 2,60 2.207-003% . bA9-G0 1
2.50 byry $.278-001 9.50 2obaFi0bE 22,05 258 Z.oian-0u1 b DR
2.bD T.n heyh3-D0y 9.9 Z.OUEI000 -22.87 2,60  7.048-001 ERI PR
2.t faus Bade0-001 18,45 1,9850000  ~23,2% 270 1.tve-D 20w
ERT] #arn AREI-O0L G0.%E L. URSeddd -28.8) 2,88 t.drf-Q0t FEERLS
2.90 AOEBN-DEY 4136 1.420sb0d 280 a.pmi-0m GorE,
5.00 €o810-001  1r.es 1.BH4ED00 EN TR ST IR YS! AT o
3.0 LERLERE RS 129 1-R7 10000 L1 fannd=a01 Jelgaconud LEL R TP 14, IRIE]
LRTS) AL LN AWl ladarioQl 3.0 tuh3D-001 Sat-n-nog a0t [P
3.50 1apotaung .38 4.0re-eb farn P PR
1aen IR EL 3.0 1.610-001 I IR RO DR R
.50 faare-oea 170800y 340 1.een-lud I RLLE NI
3.60 1.17e-g0L 1756200 .60 d.uib-UdL PR ] -net
3.78 1.099-00% AT 370 1.801e000 1.i01-D0} B 5LO-D01
380 5.086-D0 IRELTITL 5.80  1.3eT-000 173001 ENFTSTH
1.90  1.006-041 1. RBNI00T .90 1.2mb-001 1.u78-001 01
4.0D 1.407-001 Laklbh-T0 16,51 Aetb2e0DD .04 Leiur-0nl Lol =00t a01
4.20 9,55 2002 L ) W IS-00)L L1732 L E27eR00 Y.20 1.175-001 1.313-0401 L
b.e0 €.099-002 -5.80  w.368-00:  18.09  1.5834000 [t £.715-601 S.13u-001
2.68  B.b9R-102 £.595-001  -6B.16 %, 369=0G3  38.81  1.5abe0g0 4.6 1-125-001 L
Augd 8,233-002 1.613-000 -€.F1 4.350-001 19,48 £,505+300 -29.8% 4,80 9.¥49-002 1,043-0401 L .95 2,953-001
5,00  8.016-002 1. 837-Q0% 688 4 36a~GOL 20413 l.uTas0D0 -34.30 5.00  9.441-00Z 9,672-002 =59.42 9. 765-001  38.G2  i.F7w-u1
®aonza M= 108
x 4 PHASENT B PHASE (B} L] PHASECA/8) F FHASE(F) x 1] PHASECH) B FHASE{R) Lr) PHASE iR /gy F PHASELF)
IN DEGREES IN DEGREES In DEGREES IN QEGREES IN CEGREES IN DEGREES Ik DEGREES TN CECREES
0,00 1.070s008 0,59 g.000¢008 2,298+ 000 =21.19 6,00 1.000+4000 -71.52  0.030+090 FoETS 001 Shapt
.02 1.e70e000 Uu59  1.982-002 -1.9F  5.397+044 2451 2,2980000 -21.1% .02 9.%96-008 -~21.52 1.663-002 -21.62  $.013apD1 1499 2,774-001 -58.24
0.8%  1.069¢004 Ja59 X.968-002 -1.91  2,£99s00% 2.52  £.297¢000 -23.20 0,84 9.986-B01 -21.5k -21.03  3.09TeO0Y Zo00 2,770-901 <Sk.2h
0.05  1.067+000 .59 5.920-D02  +1.93  1.799+001 2.52  Z.29€+300 -21.20 0,96 9.667-001 -51.56 -21.56  2,G06+001 2.00  7,763-001 -55.29
B8 1.0E4+D0D 0.59  7.882-002 -1.93  1.35440M1 2.51  F.g9seQ0p  -21,22 8.08  9.9ud-fi1  -Z1.59 -21.60  1.505s003 2,01 2.7S%-001 56,34
.18 1.0t0+000 C.60  9.837-002 -i.94  1,080400% 2,56 2.292+000 -21.23 .10 9.995-041 -¥1.64 =23.86  1.205+004 2,02 2, tul-08L  -SA.LD
0.15  1.06est0d 0.65  3,4%6~081  ~1.96  T.206e000 Z.5T 2.iBR0AD -2i.78 9.15  9.787-D01 -21.78 ~73.80 B DwAsDDD 205 7,898-001 -%hH.6D
0.20  1.032+040 Dub?  3.966-DO1  -1.9F  f.a13e00C 2461 2.780+008 -g1.3% Ba20  9.£27-001  =21.99  1,590-001 -Pa.09 &, 054¢Q09 210 7.615-001 -5h.89
D.30  G.877+003% 0.67  2.727+001  -2.05  3.6Z7+00y 2.7Z  2.258+400 -21.55 9.198:001  +ZZ.55 2.260-001 -Z4.88  4.071+900 2425  7,47E-001 -57.n8
.0 9.323-001 0.73 3.815-001  -2.15 2, FI0000 2.88  7,2294000 ~21.81 B.E68-001 -23.32  2.803-001 -25.77  3.089+000 245 7,263-001 -58.76
0.50  8.70Z-00k D.28  3.559-041  -Z,78  Z.198+00Y J.08  2.19%s000 -22.13 B.A56-D01 -F4.26  3,E12-081 -26,97  2.50B+000 2.7 7.010-001 -tD.a#
0.60  8,055-001 D98 o,362-001  -2.83 3, 84740D4 .32 2.155.000 -22.51 0.0 F.w2#-Ddy  -25,35 N W0D-DD1  -2B.39 21224000 J.D% b, 738-DGI  -41.81
E.70 Pokld-am 1e01 g.€R1-001 #2060 1.597+00% .61 Zon2enfo -22.93 970 6.207-001 -2E.55  T.E54-001 +29.99 148634000 3Ny g, 429-003 -63.37
0.0  E-793-001 da13 WE3-001 -2.79 0 1.eide0Rp 3.92  2.068+4000 -23.38 0,80  £.212-00X -27.86 J.7Z2-001 -1.76  1.669+00Q 390 §.128-001 -BYH.18
@.90  6.226-001 irz7  6.£99-001  -3.08  1.z71e008 4.B8 2.9234000 -23.8E 0,90 S.ESE-001 -25.24  3.Ti6-001 -33.66  1.$z3em09 haky & 81D-DBL -B7.16
1.00  S,780-001 .43 h.819-001 -1.27 1.155+000 Bk 1.9774000  =24.37 1.00 §.151-001 -30.67 3.6%2-041 -35.59°  1,410¢060 S.09  8,522-001 -~b9,22
1,18 5.225=001 1459 4.889-001  ~3.40 10694000 5.07  1,931+000 -24.89 £.10 wep92-001 -F2.1%  3,563-001 37,81 1,322+880 .67  S.p0a-plL -71.3§
1,20 4.797-t01 PiF7 4, 823-001  -3.74 9.S47-DB) 5a51  1,88L4000 -25.4) 1.20  4,279-801 -33.63  3.417-001 40,02  1.252¢000 B.%%  4,911-001 =73.53
1,30 woaig-om 1,96 w,730-00t 5.87  1.Be140B8 -25,37 1.30  3.e911-001 v55.12  3.263-001 -42.29  1.197+¢000 Tol?  4.833-001 -75.75
L.we 4.07E-001 2045 4.20-001 646 1,7934000 -26.5) 1040 3.582-001 -36.62°  3.189-001 -44,62  $.152¢000 BaOl 4, 36E-001 -77.98
1.50  3.773-001 2.35 B, FAT-004 6.9%  1.75E+000 =27.09 1.50 3, 209-001 -3A.21  7.945-001 ~u46,3%  1.147e0D0 b he11d-g01 ~80.22
1,80 WE05-001 Z2.54 2.917-008 TehS  1.715¢800 -27 .85 .60  I.028-B01 -39.60  2,742-001 -%9.40  1.085:000 9.81  3.BT4-001 ~BZ2.k8
1.70  3.2e5-001 2.75 Pa699-001 73T 16758000 ~-28.21 L.70 2,756+00% +Xi.06  2,621-001 -50.84  1.067¢000 10.78  1.647-001 w8e.?2
i.80 3.057-d0z 2-35 Toazé-0b1 8,50 d.632+300 -78.78 1,80 2,507-001 +h2,51  2.465-001 -Gu.¥ 10504000 1147y 3.433-001 +A4b.0
1,90 2.te1-b0: Ty 7.190-951 9.0 d.600+000 -26.35 L.98°  2.4B0-001 +43.53  2.344-00%1 -56. 10374000 12,84  3,237-001 -89.15
2.00  2.£91-001 J.dn 6.526-1G1 9,57  d.564+000 -29.92 2,00 2.232+0031  +~45.31  2.171-001 -59.7«  1.0ZE¢000  13.91  3,842-001 ~-91.34
2,10 2.530-001 3.53 £.809-003 14,41 1.52Q4080 =30.u8 2.10 2,036-001 -61.72  1.823+D99  15.0%  2,884-001 -93.60
2,20 2.u90-001 1.1 6.654-001  1D.65  1.49E+08b ~31.0% 2.20 14905-001 ~65.20  1,020¢000 16,13  2.69E-001 -95.62
2.30  F.i7e-001 3.58 2 521-002 11,49 1,4534000 -31.61 2430 1.783-001 -£6.64  1.0204000 17-ZF  2,539-001 -§7.72
2.0 2a1646-101 b5 E.ud5-001 11.73  L.4324000 -32.17 2l 1.560-DPL 1.023+000  3B.bF  2.390-802 ~BR.PP
2,50 2.082-001 a-20 E.304-804  £Z7.26  1,402+000 -32.73 2.5 1,561-041 1,D27+008  £9.60
2.60 1,970-0063 i35 6.217-001 12.79 1,373+000 -32.79 Z,60 1.640-001 . 1.034+000 20.T% Zel2
.70 L.e46-00t LY 6Gele3-004 13.31 1. 3hard00 -33.8% 2470 50366-001 «7B.w?  d.0w2edBd  P1,9%  1,§97-pg1 -105.70
2480 1.808-0G1 ety 6.079-001 13,83 1, 347+030 -3e.ull z.80 1.2F7-001 -76,87  1,051%006  23.15  1,882-001 -107.5%
1.73e-001 ry 6.025-00% 16,33 1,25P+000 34,94 Z.90  1.269-001 -56.92  4.194-001 -#1.26 L. 063eH0D  PM.34  1,773-001 -109.u4
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NUMERICAL

RESULTS

The numerical values of A, B, and A/B for the
zero frequency limit (e, H = 0) are listed in Table
I for X ranging from 0 to 5. Of coutse, in this static
limit, both 4 and B are purely real,

‘The numecrical results for the complex values of
A, B, and 4/B are given in Table 2 for ranging
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from 0.1 to 10, Here, the amplitudes of the
quantities and their phases arc given. For the smaller
H values, it is immediately evident that the results

are consistent with the zero-frequency values in Table
L. Also, if X is sufficiently large, the complex val-
ues of 4, B, and A/B do appear to approach their
respective asymptotic limits. On a point of theo-
retical interest, we note that the asymptotic results
are really only valid at quite large values of the
parameters X and H. Nevertheless, they do serve as
a good check on the numerical integration, since
this is just when the integrands have the greatest
number of oscillations over the range of integration.

A key parameter in the above formulation is 7/,
This can be cxpressed in a fairly simplc form as [ol-
lows:

H = (ouw)*h = 0.086(a,.())"",,.

if o i+ the conductivity expressed in mmho n '
is the irequency in Hz, and A, is the burial depth in
km. Thus, for cxample, if o, = I, f == 100, and
fves = 0.2, we have H = 0.17. As we can see from
the tables, this value of /7 is sufliciently small that
the behavior of the functions 4 and B is very simj-
lar to that for the static cusc (i.c., zero Trequency )
where H = 0.

We stress that the present analysis and result wre
applicable only to a homogencous half-space mod!
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for the earth. Nevertheless, this should serve as a
guide for further work on the subject,

FINAL REMARKS

A graphical presentation of the ratio |4/B| is
given in Figure 3. As is indicated, the ordinate is
the magnitude of the ratio between the horizontal
and the vertical magnetic field at the observer for
a line source on the surface. The abscissa X or x/A
is the normalized horizontal coordinate (i.e., x = 0
for the observer at a distance h directly beneath the
source). The phase of the quantity 4/B is shown in
Figure 4. In each case, the H values range from 0
to 10.

Both the amplitude and phase of the quantity
A/B are measurable quantities if the observer is
equipped with a crossed loop receiving antenna and
suitable switching facility. If the value of H is known
(or if it can be assumed to be cffectively zero), the
value of X should, in principle, be estimated from
the measured ratio |4/B|. Even if H is not known,
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Fig. 3. Ratio of the magnitudes of the horizontal and
vertical magnetic field components plotted as a function of
the horizontal coordinate.
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Fig. 4. Phase difference between the horizontal and the
vertical magnetic field components plotted us a function of
the horizontul coordinate.

the combined usc of Figure 3 and Figure 4 should
permit an unambiguous choice for X, Though op-
erational procedures for carrying out this stcp have
not becn worked out, the approach seems promising,

The possibility of using an array of line sources
on the surface is also being considered. At the ex-
pense of a more complicated source configuration
with scanning capabilities, the observer would need
only to signal the occurrence of a null. The up-link
communication in this case could well be a seismic-
ally propagating impulse penerated by a hammer
blow,
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An approximate analytical method is presented for treating electromagnetic scattering from
a slender cylindrical conductor buried in a homogeneous conducting half-space. The excitation
is by a uniform line source of current located on the surface. The solution is achieved by an
iterative method that accounts for the interaction of the induced current in the cylinder and
the air-earth interface. It is shown that the cylindrical inhomogeneity will distort the profile
of the subsurface magnetic field as the horizontal displacement is varied.

INTRODUCTION

In a previous paper [Wait and Spies, 1971] we
considered an infinite line source or current-carrying
cable on the surface of a flat homogeneous earth.
The integral representation for the subsurface fields
was reduced to tabulated functions. The results were
of interest in mine communication problems, par-
ticularly during emergency conditions, for transmis-
sion paths through the overburden. The possibility
that an array of such line sources could be used in
direction-finding should not be overlooked [Wait
1971}, In the present paper, we wish to consider an
inhomogeneous earth model that provides insight to
the general problem. Specifically, we assume that the
uniform half-space model adopted earlier [Wait and
Spies, 1971] has a cylindrical conductor embedded
within it. This is a possible means to account for the
presence of conductive rails, pipes, or ore veins that
would modify the total field at the subsurface ob-
serving point. In order to simplify the problem, we
consider a two-dimensional model in which the
buried cylindrical inhomogencity is taken to be
parallel to the surface line source.

Electromagnetic scattering from buried cylinders
has been considered by Parry and Ward [1971]
and Hohmann (1971] using integral equation formu-
lations that require elaborate numerical technigues to

achieve usable resuits. A modified integral equation

1Consultant, Office of Telecommunications, Boulder,
Colorado.

Copyright @ 1972 by the American Geophysical Union.

technique for such problems has recently been de-
veloped (A. Q. Howard, Jr., personal communica-
tion, 1971). Also, we should point out that
D’Yakonov [1959] has actually published a formally
exact solution to the case for a buried cylinder of
circular cross section. Unfortunately, his results are
not in a form to obtain numerical data. Instead, we
shall adopt an approximate analytical method that
is particularly suitable when the buried conductor
has a small cross section which is the case for a
buried metallic pipe or rail.

FORMULATION

We refer the reader to the previous paper [Wait and
Spies, 1971) for the formulation of the necessary
two-dimensional Green’s function G(x', y'; x, y) for
the homogeneous nonmagnetic half-space of con-
ductivity o. As before, we neglect all displacement
currents, and the time factor is exp (fws). Thus, the
propr.. ‘tion constant in the half-space is v =(lopow)'”.

We now consider the influence of an idealized
inhomogeneity in the half-space for a current { on
the surface. As indicated in Figure 1, the halfspace
is homogeneous for y > 0 except for a cylindrical
region of conductivity ¢, radius a, centered at (x', ).
In order to simplify the analysis, we now consider
the radius @ to be sufficiently small that the currents
induced in the cylinder are effectively symmetrical.
As indicated in the Appendix, this is an adequate
approximation provided |ya| <« 1 even though the
exciting field is nonuniform. We note this does not
place a restriction on the parameter 9a where $ =
(iduew)"*, In fact, we wish to allow for the possibility
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Geometry for the buried cylinder in a conducting
half-space,

Fig. 1.

that the cylindrical region has a high conductivity such
as might exist for a metallic pipe or track buried in
the earth.

In the first approximation, we argue that the field
E(x', »"), which excites axial currents in the c¢ylinder,
is given by

E(x', y') = (—ipwl/25)G(x’, »"; 0, 0) 1)
Then the corresponding axial current [, ‘!’ is given by

1Y~ (ZYE(x, ¥') )

where Z is the effective series impedance per unit
length for excitation by a uniform axial field. In
analogy to the development in the Appendix, we see
that Z = Z;, + Z, which is the sum of the internal
and external impedances, Z, and Z,, respectively,
Without difficulty, we find that

Z; = [§4,(§a))/ [27al,(a)] (3)

where I, and [, are modified Bessel functions of order
zero and one, respectively, and 4 = fuew/9 is the
intrinsic impedance of the material inside the cylinder.
Here, we note that in the low-frequency limit (i.e.,
@ — 0), Z; approaches (ra°4)"", which is the direct-
current resistance per unit length of the cylinder,
On the other hand, at high frequencies where
|9e| 3> 1, Z; is well approximated by Z; =~ 4/(2wa)} =
fpow/(2x4a) which, of course, vanishes in the perfect
conductivity limit. Eddy current losses within the
cylinder are accounted for by (3), and the numerical
calculations can be facilitated by expressing [, and [,
in terms of Thomson’s ber and bei functions and their
derivatives;

LID'7Z] =ber Z 4 ibeiZ
and
L2 = ber’ Z 4+ 1bei’ Z

An adequate form for the external impedance is

~ Kolya) s
* T 2waK(ya) 2%

since we have already adopted the premise that
lya| << 1 (see Appendix).

The total field E at P(x, h) is now regarded as the
sum of the direct field due to the line source I at
(0, 0) and the secondary or scattered field from the
cylinder at (x’, 3’). Thus, to within the first-order
approximation

1
(]og; + 0.116) 4)

Ex0x, i) = =2 6(x, 5; 0, 0)
. 1)
- W‘;‘ Glx, yix', ¥ (5)
T

which automatically satisfies the boundary condition
at the air-ground interface if we employ the form of
the Green’s function given in Wait and Spies [1971].
To obtain a second order approximation f,'*, we
correct I,'" in (5) to account for the interaction with

the interface. Thus
I (2} ~ z—l E(ll

(6)
where

EY ~ -—%“’f GGx', ¥5 0, 0)(1 — T7a’C)

where T°a" = iuw/(27Z) and G is the appropriate
Green’s function. Using 4 >> g, we find that

6 = — Ky’ + 2f:9—"—”£—2;”"—)d>~ @
- —K(8) + z[diﬁ, K@) + fﬁﬁ%:@] @)

where g8 = 2vyy’. Carrying out the derivative opera-
tions leads to

6 = + 5@ + Q/OKG

= (2/L A1 + 8) exp (—8) ©

The corresponding second-order approximated field
at P(x, k) is thus

EOG 1) = =2 6, 5,0, 0)

_ im]g(ﬂ)

2 (10)

Glx, y; x', »)

This in turn can be employed to calculate the third-
order approximated current [./*'. When the inter-



active process is continued indefinitely, we arrive at

I,=ZE', ) (11
where
E', )~ ~ Il G(x', »'; 0, 0)
2x
ft — IMa'G + (T'd°6Y — (I'*6Y’ + ---1 (12)
which is formally summed to give
B, v ~ 22 600, ;0,001 + a6y
2%
13)
Using (11), we now obtain the final form of the
perturbed total field at P(x, h):
Ex(x, ) =~ =222 166, 1; 0, 0)
P
— QG(x', ¥': 0, 0)G(x, h; %', ¥)] (14)
where
2 = Md'/(1 + 1Ma6) (15)

The corresponding mag:netic field components are

I | dG(x, y; 0,0

Hfs(x: h)‘:"’_i; [ ay

. ! ?
— QG(’, ¥'; 0, 0) B_G.(_’f.'_%.'_x._’_-l_)] (16)
¥y pmh

Hoy(x, B o2 L [Q_(_?(xayf.o.ﬂl

2x
3G(x, y; x', y’)]
SRR A

Using the integral forms A(H, X), B(H, X), and
F(H, X) defined in Wait and Spies [1971], we can
express (14), (16), and (17) as follows:

— QG(x’', ¥'; 0, 0)

Ee = =21 (R, 10
~ QF(H', X)|F(H + H', X — X")

“+uKolexp (ix/4)R:] — Kolexp (ixr/4)R,}}] (18)

-F
Hy, = nh [4(H, X)
— QF(H’, X")| K,[exp (ix/4)R,] exp (ix/4)HS,

— Kilexp (in/4)R,] exp (ix/4HS,

+ AH+ H, X — X")}] (19)

and

!
Hr, = 5 [BH, 1)

— QF(H’, X" K,[exp (ix/4)R,} exp (ix/4)HC,
— K,lexp (in/4)R,] exp (ix/4)HC,

+ BHA+ H', X — X)) (20)
where
H = (opo)®h  H' = (onow)’*y’
X =x/h X' = x'/h

Ry = [H(X — X)' + (H ~ H)Y]”
R, = [HXX — X'V + (H + H')']"

c = (x — x)

Yol - XY 4 — Y
C, = x — x)
e =Y+ e+ Y
S, = (h — y7)

G Rt 0 1 i

s (h—y1-

T =Y+t 7
AN ILLUSTRATIVE EXAMPLE

The explicit forms given by (18), (19), and (20) can
be used to calculate the resultant fields at the sub-
surface observation point at depth x for any specified
location of the cylindrical conductor. Of particular
interest is the vertical component H», of the magnetic
field since this is readily detected by a rudimentary
loop contained in the horizontal plane. In Figures 2
and 3, we illustrate the normalized field magnitude

0.6 1

T T T T T T T

P YN
. 7

[ [
’ \\ I:'I’( * -i[-
0d v/ -
0 i LI 1 1
-3 -2 -1 0 i 2 3
x/h
Fig. 2. Normalized vertical magnetic field at a depth £
for H = 0.1.



-3 -2 -1 0 1 2 3
x/h
Fig. 3. Normalized vertical magnetic field at a depth &
for H = 0.5.

2xh |H, |/I as a function of the relative horizontal
displacement, x/h, of the observer. For this example,
we located the buried metallic cylinder at x = A/2 and
y = h/2. In Figures 2 and 3, we choose H = (ou,w)"’h
to be 0.1 and 0.5 respectively, while 4 = [vya| =
(opes)%a is 0.0, 107*, and 107 for each figure. Also,
we assume that &/¢ = 107,

First of all, we note the curves for 4 = 0 in Figures
2 and 3, corresponding to a homogeneous half-space,
are perfectly symmetrical with the expected null of
the vertical magnetic field directly beneath the line
source. However, when 4 > 0, the asymmetry be-
comes evident, and the null is shifted. In this sense,
the buried conductor distorts the subsurface field.

In order to attach a more physical meaning to the
curves in Figures 2 and 3, we note first of all that the
parameter H = (0af)" M X 8.6 X 1073, when o,
is the overburden conductivity expressed in mmhos/m,
f is the frequency in Hz and /M. is the depth of the
observer expressed in km, Thus, if ¢, = 1 and
§ = 100, we see that H = 0.1 and 0.5 corresponds to
h,.. = 0.116 and 0.58, respectively. Then the param-
eter values 4 = 107* and 107® correspond to a buried
cylinder radius of 0.116 and 1.16 m, respectively, with
a conductivity of 10* mhos/m. Of course, by a suitable
scaling of the parameters, other possibilities exist.
Also, with limited numerical effort, many other cases
can be treated.

CONCLUDING REMARKS

The analytical method given in this paper permits
quantitative estimates to be made of the effect of an
idealized inhomogeneity in the conducting half-space.
The method is admittedly not usable if the buried
cylinder is very near the air-earth interface. Also,
it is restricted to cylinder radii that are electrically
small in terms of the wavelength in the external

media. In other words, the parameter A should be
small compared with 1. Recent numerical compari-
sons with integral equation formulations indicate,
however, that the method works well for A as large
as 0.1 (A. Q. Howard, Jr., personal coramunication,
1971).

APPENDIX

The method used to estimate the scattered field
from a cylinder buried in the half-space employs
certain concepts which can be clearly illustrated in
the problem [Wait, 1959] of scattering from a cylinder
of electrical constants ¢, ¢, and u,, located in an infinite
medium of electrical constants o, ¢, and g,

The situation is illustrated in Figure 4, in which we
take the line current 7 at (p,, ¢,) t0 be parallel to the
axis of the cylinder. Without repeating any details of
the derivation, we can write down an exact expression
for the electric field E, external to the cylinder in the
following form:

E, = (~iuwl/2x) K.(yR) + E,' (21)
where

R = [p" + p’ — 2pp cos (¢ — ¢)]'*

v = [ie + lew)po]?

and E,® is the scattered or secondary field. We know
that

E' = —iuwl/2x
E €a Ay KuCrpo) Kulyp) cos n(d — ¢o)  (22)

where

_ L'ya)
4 = X tva)

_ﬂ[f..(’Ya)]/ [L'tya)] — #l1,4a))/ [I..’(‘?a)}. 23)

Z!.I + Zs' .

where

Z.n = [—n Ko/ K/ ra)]
Zip = WIGBa)Y/ 1@ )]

and where n =
fi(e + itwpow]?.

If we now insist that |ya| << 1 (without any restric-
tion on 4a), we can approximate the Bessel functions
of argument ya by the leading term of their series
expansions. Also, if additionally, we allow p > g, only

/vy, § = ipw/4, and 4 =



the n = Q term in (22) need be retained. For this
dominant term, we see that

— o

Ao = Z + Z)

t ~ (Z./2Xo 4 iew)a]

PR .. it
T 2r(Z,+ Z) @9

where
Z, = Z"n/z'ﬂ'ﬂ
Z. = Z:iof2%a

are the external and the internal impedances of the
cylinder as employed in the context of the previous
derivation. Thus, (22) is expressible in the mean-

ingful form

. — F
By o 0 ) @5)
where
I, = 2 oz, + 2T (26)

2r

is the total induced current in the cylinder. These
results are conmsistent with the analysis for the half-
space configuration provided we recognize that the
appropriate Green’s function here is simply the mod-
ified Bessel function Ko(vyp).
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Fig. 4. Prototype problem of line source in presence of
cylinder in an infinite medium.
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THE ELECTROMAGNETIC FIELDS OF A SUBTERRANEAN
CYLINDRICAL INHOMOGENEITY EXCITED BY A LINE SOURCE{

ALLEN Q. HOWARD, JR.*

The anomalous fields {rom a buried cylindrical
inlomogeneity in an otherwise uniform half-
space are analyzed. The problem is rendered two-
dimensional by assuming that the uniform line
source of current is parallel to the subsurface
cylinder. The multipole scattered field coefficients
are obtained from the numerical solution to the
associated singular Fredholm integral equation of

the second kind. The horizontal magnetic field
amplitude, the vertical magnetic field phase, and
the amplitude and phase of the ratio of horizontal
to vertical magnetic fields are shown to be diag-
nostic of the location of the inhomogeneity. The
results have possible applications to electromag-
netic location in mine rescue operations and to
geophysical prospecting.

INTRODUCTION

In a number of situations in applied geophysics
we are interested in the electromagnetic response
of an inhomogeneo u s half-space. A recent special
issue of GEOPHVsIC S (Ward and Morrison, 1971)
was devoted to this general problem. In particu-
lar, papers by Parry and Ward (1971) and Hoh-
mann {1971) considered the effect of a buried in-
homogeneity. We extend Hohmann’s analysis
here using a similar formulation. However, our
technique is more analytical, and thereby we
avoid the difficulties associated with the point-
matching method. Of course, in doing so, we must
pay with some loss in generality; namely, the in-
homogeneity must be describable in a separable
coordinate system. In the point-matching tech-
nique, used by Hohmann and others, poorly con-
ditioned large matrices must be inverted to solve
for the coefficients of the scattered field.

Actually, D'Yakonov (1939) rather ingeniously
found a solution to the problem we pose as a limit-
ing case of a boundary value problem involving
two nonconcentric cylinders. His final results,
however, appear difficult to treat numerically.
An approximate perturbation methed, account-
ing for interactions between the induced mono-
poles and the air interface, has been proposed
recently (Wait 1970}. It is useful for treating

cylindrical scatterers of small cross-section. As
indicated below, this techrpique {described as
“Wait’s method") serves as a good, check of the
numerical method. .

THE INTEGRAL EQUATION, GREEN'S FUNCTION,
AND UNPERTURBED- FIELRS

In the analysis to follow, we give a complete but
concise description of the mode-matgh solution to
the two-dimensional Fredholm integral equation
of the second kind for our problem. The interested
reader is referred to Howard (1972) for back-
ground material and more detail on the applica-
tion of this technique to problems of geophysical
interest. )

We refer to Figure la for the geometry. In the
following, a polar coordinate system (p, ¢) and a
cartesian system (x, ¥) will be used interchange-
ably. In either case the coordinate origin is at the
center of the cylinder. The total unknown electric
field, denoted by E,, can be expressed in terms of
an integral equation (Howard, 1972). For the
case of TE polarization and assuming a time vari-
tion e~**, the relation is given by

Ey(z) = Ei(®) + twlel — €5 )i, ()

T a
- f de’ f dp' o' E4(2)YG (%, &),
0 o
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where the Green’s function G{z, #) is given by
(Wait and Spies, 1971)

G ) =B G2 - 2] + —
4 4
2
o
f k(,)e.-(z—:-n—fsuuw'}d;,
B1 = Bo 2
h{t) = ——— ¥4, B, = (ko — )}, and
0) T Bo = (ko — /), an

2 2
131=(kl"'"’)iv
for
Yo . . T,
L) "51'+1a'1'/“"1 1*0’1121 ki_"’#“ﬁ'
ImBe20, Img, >0,

and E,(z) is the field due to an electric line source
at (xr, 5/2) and in the absence of the cylinder; for
¥y <h/2, we know that {Wait and Spies, 1971)

i i +m= ei(lr*‘z“‘f"iﬂl(-‘? [{k/2)}—¥]
mmzhf di. (3)
2xJ_ Bo+ 8,
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Equatien (1} can be solved by introducing a
complete representation for £:(f) that is valid fur
!tl <a. Thus,

+x

Eo(3) = 2 antulksp)e™ for | p] < a. (4)

7 -—

The circular cylindrical symmetry can be incor-
porated into the problem by expressing hoth
G(z, #) and E (%) in terms of their complex angle
representations. This is effected by making the
change of integration vatiable £=k, cos ¥ in equa-
tions {2) and {3) to obtain

G(z, &) = 1.Hm(»‘e |2 —#]) — L
’ gt 4r

.fh(\p)g—ikw’ cos (¥—¢")

X eitie con o)y, (3)
where
kysin ¥ — (k":) — kycos W)

h(q,) = - 5 - __el'hh sin\I,
by sin W + (k} — & cos® ¥)!

and
o= (R, H =
a’ ) y
cos ¢’ = —, sin ¢ = — - (6)
P P
cos ¢ = x/p, sin ¢ = y/p.

The contour ¢ is a simple open curve in the com-
plex ¥ plane which comes from —7e in the strip
d <Re (¢) <r+ 6 and recedes to +1= in the strip
§—x <Re () <5, where d=arg (4,)). Similarly,

6@ = [ g W vovdg, ()

c

ik
2r

pgikipg cos (a0} gin

g(xﬂr ‘F)

(B = B cos? W) + ky sin
po = (/D) + a1,
COS o = x7/py, (8)
sin ¢0 h/ 2p0r
and ¢ is defined in (6).

"
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The singular term in G(#, #) can be expanded
using the addition theorem for cylinder functions.

Hy' (k] 2 — #])
©)

=W it (a—9" )
= Z H (Rips)T o(kspc)e

{x—0

where p, =max (p, p'}, p.=min (p, 2').

Because the integration with respect to ¥ in
the nonsingular part of G(#, &) converges uni-
formly with respect to 2 and &, provided y+y' <&,
and, similarly, the sum in (9) converges uniformly
in £ and #, the order of integration in the former
and integration and summation in the latter can
legitimately be interchanged. Hence, in particular,
we have

: i ’ u: 1 ram o tH =f
1 d¢ p'dp’ Eo(2")H (kl\f"xl)
) 0

3 +o 5
=T 5 0™ {H k)

Y ——

» (10)
- f o' Tl ) (g p’ '

+Jwikrp)

* e} ,
. f T (g Yl (R1p )dp'}-

P

This becomes, aiter doing the integrations and
simplifving,

1 or 3
- f d¢’ f Ao By Hy () £ — 2 ])
4 [} [

1

+0
TR 2o ame™ (11)

2 1 M=ot .

im '

. {Jm(kzp) + 3-fm(klﬂ)Qv‘n.} y

where I V

On = a[keSmp1(kea) Ho (410)

(12)

— kT nlksa) Ha (1)

The angle integration over the nonsingular term
in the Green's function can be effected using the
result (Grobner and Hofreiter, 1961)

2
f =ik’ con (Yo" +ims’ oy’
)

. (13!
= Qg (¥ 0/ J_ (k")

to obtain

i a 2
- d"f do' Ex(#
41_‘]\0 o'p \ @' Ea(2')

. f h(\p)c—ﬂcw' cos (¥—p’)+ikip con (¥+¢) Ny
L]

i (14)
! E K imw /2
= T ST O —imw
2k — By
f h() gt cos Cetortim¥ gy
where .
Kp=alk £20) T m(Br0) .
a[ke) my3(k26) T m(kr0) s

— ktlm(kga)fm,*l (k 1(1) ] .

Combining results (11} and (14) yields, for the
second term in the right-hand side of (1),

Haled — e Miwopo)

2r a
: f de’ f p'do’ Eo(F)G(%, &)
0 o A

-3 e {e*w[fm(kep) - i/ 2 (k1) O]
m—_m Vv ' (16)
i

—_— Kmef'i'n(rn‘ﬂ

. f k(\p)eﬂcw cos (W+¢)+im'lfd\p} .
¢

Substituting (4) for the left-hand side of (1) and
(16} for the first and second terms on the right-
hand side 'p:f (1) results in a matrix equation for
the coefficients ay,. [Note that the first term on the
right-hand side of (16} cancels the unknown
E,y(x).] We have T

0= f g{Ep, W)g e con (¥~9) gy
g ‘

4= E am[rgu'mqigmjm(klp)__Kme—imlr,Q)
T (17)

! It is not difficult to show that this relation is valid
for arbitrary complex ¥.



. f I](\Il)g“ilﬂ o (\P+a)+imvdq,]_

To proceed, multiply both sides of (17) by
¢ and integrate ¢ from 0 to 2x. Note that all
of the pertinent integrals needed were discussed
in the steps that lead to (16}, Factoring the com-
mon factor J,(kp) which results in each term
gives

e'—i:‘n(f.’ﬂ)fg(j-o, q;)e—l'n‘l'dq,
[

1r 1 =
+ i"z"anQu _— E ameelfn-—m)rl‘.’

th(\lf)e"("*"")“’d\lf = 0.
This, upon slight manipulation, becomes
ot ‘
E Lomm=Ta, u=0,+1 42 ... (18)

where

Lim = (#Qubam — Kne'™*2,), (19)

and where X .
On = [kzafmﬂ(kga)f}: (k1a) .
- klafm(kzﬂ)liil-:l(klﬂ)]
and
Kn = (k0] mpr(kea) T (k1)
— Bian(k:0) mp1(B10)].

In (18) I,.. and T, are integrals which must be
evaluated numerically. In the quasi-static regime
(i.e., when displacement currents can be ne.
glected), T, is given by

ya
Tn T e 6--'-5"'“(Hn)"
r

Jcos (Xos)go (s) + 4 sin (X[,s)gn—"(s)]ds,

where fo={egymw)th/2, Xo=2xy/1,

& (;2—_|'H;)§

s+ (st — iHE)

(20)

33

g(s) = 3+ " =i

Flms b =i 1,
and :
() = Mls+ (" —iny’|

—(—s+ (s? - il];';):[nf.
Similarly, we find that

Zig—f(m'i-n\rf‘l

(f]u)rrd-u
f«: J:e_g(’z_‘“g)%
0 (s* — iH%ﬁ

IR
(5 — iHu) — 5 myn

g (5. (21

Inmf“

(s* — i) + 5
An interesting limiting case of (18) is the Limit
when ko—h [note here that the terms in (18)
must not be interpreted in their quasi-static
forms]. In this limit the interface vanishes; then
Iww=0and the matrix equation becomes diagopal.
Yurthermore, T, in this limit becomes

—ingy (1)

T = —4e TH, (kipo),
lim ko—+i)
where
[or + 0/, @ Lt
P = [Xr ! y o= tanThe- -
{21y}
It follows that
—ingy (1)
[ Hn (klpﬂ)
dy T e e
lim kg—ky 2¢(),

This is, in fact, the classical solution for the line
source excitation of a lossy cylinder (Wait, 1939},

In general, the matrix equation for the coeffi-
cients in (18) is not diagonal and must he solverd
by truncating and then inverting the complex
matrix Lpp. For electrically smiall eylinders auch
that |kie|Z1 (hut with no restriction on fu),
only a few terms in the multipole field expansion
(4} are required. Since the matrix L. is alimont
diagonally dominant, the truncation process is not
critical. This physically means that the maodes do
not couple strongly. Numerically, this i> borne out
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in calculations which show that, for |ke| <1,
the coefficients a,., as obtained from a 5X5 and
9 X9 matrix, agree to five significant figures.

Another check which was performed was to see
if the electric field is continuous at the cylinder
boundary. The results show that the continuity is
good to within 5 percent of the incident field
strength evaluated on the boundary.

FIELD EXPRESSIONS

‘We now assume the coefficients a,, are known.
The electric field at any point in the lower half-
space (y <k/2} is then determined from (1). Thus,
we find the total electric field Ea is

Ey(#) = Ei(8) + E\®) + EiD). (22)

Now, E,(£), the z component of the field in the
absence of the cylinder, is given by

E\(2) = : f © cos (Xys)et —iHD
' B [y s + (32 ha 'IH?)i

kg

where  Hi=(op)t(t/2—y), Xi=(er—z)/
(h/2—y). The term Ej, which can be interpreted
as the contribution to the scattered field that is
independent of interface interactions, is

ds, (23)

+oo

Efs) = i-;f T anKnle (p)e ", (24)
where
K. = [kzaJm+1(kza)Jm(kla)

- k;afm(kza)ff‘i;(kxﬂ) ] .

The term Ej, which accounts for multiple inter-
face interactions and combines with Ej to prop-
erly match the boundary conditions at the inter-
face, is given by?

i I imr/2 s

E;z """'2' Z %Kmﬂ €m

where

R 21:3_ irm /&

7 AT
= bt et gt
fg (s? — iHﬁ)*,:(s2 — iHP + s]
* This decomposition of the scattered field is mainly of

heurestic signiticance; the coefficients 4, also depend
upon the interface.

X [cos (Xa8)g, (s) + 4 sin (Xe5)go (5) |ds
and

m 2 e hym

geals, Ho) = ¥{[s — (s — it)'}

2 e 2 b
+ [—s— G —iH)]},

where Ha= (e} (h—y), Xa=x/(h—y).

Similar results apply to the magnetic field com-

ponents. Thus, from (22), and Maxwell's equa-
tions, the x component is

H, = H, + H, + H., (25)

where

i
Hy=—

G-2)
Tw, - —
#02 y
2.4

f‘ cos (X;s)e“(‘z“"-‘ﬁ’%(s? — iHy)
0 s+ (st — iHD?

ds (26)
and’

2 r 1=
HR]=§ E a’ﬂlKﬂte

Mae—o0

—— Hy (k1)

i I:‘im cos¢
w
Hop (27)

+ Visin ¢H.(,.m(k|p)],

where

k o\ }
Y1 = ! y Ly = (ﬂ) a‘i 120w ohms

koZg €
and
. , Lo ameei(m—»l)rH .
H,, = —i¥ ——————— ]y
xe 1 mzz_:w (Hz)m-t-l "y
where

M = f QLIPS [s - 6 — i)
o J [s + (5 — < T})]

-lcos (Xas)g. (s, Hs) @)

+ 4 sin (Xas)go (s, Ha)]ds.
The analogous results for the ¥y components are

H, = H, + H, +H,,

(29)



where

H, =

—i

(-2)

wwpgl — —

Mo >
® gin (Xls)e_(‘{“”%’%

* f 0} ds?
e 5+ (2 — {HD!

(30)

\ 4w imo [ sin
[Iy]= —’3;" Z ﬂ,meﬂ " [—‘-_“E EI:'I)(klp)
WU

PRw )

+ ¥, sin ¢H,5.”’(km)],

R 4 G‘K’nei(m—l)r.ﬂ
Hy=~Y 3, T H

. f"“ see=amd ([ —imY’)
Ty (=i [ —iHEY]

(32)

Ity s

. [COS (ng)g:(s, He) (33)

+isin (Xas)g, (s, Hy)]ds.
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This completes the description of the field com-
potents.

NUMERICAL RESULTS

In certain suguested location schemes (Wait
and Spies, 1971), the ratio of horizontal to verti-
cal magnetic helds {71/ H, for both amplitude and
phase) is of interest. Both amplitude and phase of
H./H, are measurable quantities if the observer
has a crossed magnetic loop antenna. The basic
model to be considered consists of the symmetric
case xp=—h/2 y=—}/2 (reler to Figure 1b} lor
a range of x=— 3k to 3k The figures are defined
in terms of numerical distances H = (o) f,
X=x/k, A=(owu)lz, and the conductivity
contrast K =o3/ay. The abscissa in each case is X.
The ordinate for Figures 2a, 3a, and 4a is the
amplitude of H./H,, while the ordinate of Figures
2b, 3b, and 4b is the phase of H,/H, in degrees.
In each figure, the homogeneous case 4 =0 is in-
cluded for comparison. In Figures 2a and 2b, the
numerical parameters are If = 0.1, 4 =0.01, and
K =107 These numbers give an induction number
of 31.7. Both the present integral equation ap-

(=7 T | [= -]
i

Amplitude of Hy/Hy

> = R o Bon

\A\ —
A.
\A.‘---.__-_
b L |

‘ [ { T
» Wait |k, a|=0.01
H=0.1
Howard 0_2/0_1 - lOT

x in Meters

Fic 2a. Amplitude comparison for ratio of horizontal to vertical magnetic fields versus X for £/ :=0.1,
K =107, and A =001.
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proach and Wait’s method (mentioned above) are
plotted. Note that in this case the two methods
are coincident. These figures correspond to the
situation arising from the occurrence of a metallic
pipe or track in the vicinity of the EM link. The
remaining figures use H=2.0 and K=10% This
corresponds to a receiver /2 skin depths below
the surface. These cases are suitable for consider-
ing the field modification due to a larger naturally
occurring inhomogeneity. Figures 3a and 3b apply
to the case 4=0.1. The isotropic scatter term
{n==0) is still seen to be the only significant con-
tribution. Figures 4a and 4b consider the case
A=0.5. The inhomogeneity is now large enough
to require the excitation of the nonisotropic
modes, which explains the discrepancy in ampli-
tude (the corresponding phase is not plotted).
The first thing to note in the figures is the singu-
larity in each instance for X=—j} for the ho-
mogeneous case. This corresponds to x=wr; i.e.,
the point directly under the source where, ac-
cording to (17), H, vanishes. Similarly, at this

point the phase of the ratio (H./H,) in the ho-
mogeneous case shifts by 180 degrees [see (15)
and (17)}. The oscillation(s) to the right of the
first peak in the amplitude plots is related to the
vanishing of the isotropic term in H} in (17) at
X =0 where it changes sign. This effect is thus
more pronounced when the inhomogeneity is
large (for larger values of 4).

The horizontal coordinate of an inhomogeneity
for the examples considered can be inferred by a
steep gradient in the amplitude ratio and an ex-
tremum in the corresponding phase ratio.

In ail figures, the integral equation method was
truncated such that Inl , |m| <N =2 (5 modes).
In a case identical to the data for Figures 4a and
4b, except that 4 =0.5, the calculation was also
run for ¥ =4. The coefficients a,, changed at most
in the fifth significant figure. The mode ampli-
tudes a4 were in this case approximately 30 per-
cent of the magnitude of g (hence the discrepancy
in amplitude—the corresponding phase is not
plotted). The truncation error is less critical than

40— | !

] ! |

Phase of (Hy/Hy) in Degrees
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F16. 2b. Phase comparison for ratio of horizontal to vertical magnetic fields versus X for ¥=0,1,
K=107, and 4 =0.01.
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in problems that have edge singularities. This is
because the neglected terms for |m| >N, [n| <N
in {3), where ¥ is the truncation integer, are small
if N>»|kaj. [See Appendix A (Howard, 1972).]

CONCLUSEON

A modified mode-match method in conjunction
with an integral equation has heen shown to be
effective in dealing with the problem of scattering
from a buried cylindrical inhomogeneity. The
method of Wait (1970), which treats the case of
small inhomogeneities in a much more direct man-
ner, has been demonstrated to be in complete
agreement with the mode-match treatment. The
success of the latter can be attributed to the fact
that all but one of the integrations occurring in
the formalism, including the singular component
in the kernel of the integral equation, can be done
in closed form. Application of the mode-match
method to scattering from penetrable objects re-
sults in a matrix equation for the méde ampli-
tudes. The number sof modes required in the
Fourier Bessel series description of the scattered
field depends on the argument of the Bessel func-
tions occurring therein. Since the Bessel functions
of the first kind are maximum where the order is
approximately equal to the argument, the number
of terms needed in the mode series is proportional
to [ kia|, where a is the radius of the inhomogene-
ity. Thus, the mode-match matrix for good solu-
tion must have approximately Ik;al’ elements.
In contrast, for two-dimensional problems, the
point-match technique requires the field to be
matched at a number of points proportional to
the cross-sectional area of the inhomogeneity,
and, thus, the matrix for the point-match method
is of order I ksa|*. The reduction of the matrix size
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is clearly an advantage in reducing computation
time. Also important in teducing computer time
was the factoring of the matrix clements. The
semianalytic approach also vields well- behaved
matrices in contrast to the problems which some-
times cccur in point-matching schemes.
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The Sub-Surface Magnetic Fields Produced by
a Line Current Soul_'ce on a Non-Flat Earth?)

By JaMmes R. Warr?) and R. E. WILKERSON ?)

Summary - A simple cylindrical model is employed to estimate the effect of non-flatness of the
ground on the sub-surface electromagnetic figld from a current-carrying cable on the surface. It is
shown that, if the surface curvature is sufficiently small, the fields in the cylinder model are very similar
to those for the conducting half-space model of the earth employed eartier. The results can be used
to provide estimates of expected errors in electromagnetic direction-finding of a buried receiving
terrinal,

1. Introduction

In a previous communication [133), we reported on the analysis and calculations
of the sub-surface fields in a conducting half-space produced by a line current located
on the surface. Similar calculations have since been brought to my attention [2], [3].
In our work, we were interested in the application of the basic Green’s function to
scattering from inhomogeneities such as longitudinal conductors. The latter can
be expected to have a major effect on modifying the structure of the received field at
the buried terminal. This could pose a serious limitation on the direction-finding
capability of a simple crossed loop receiving device.

Here, we would like to consider an alternative and much simpler approach that
should give needed insight to the effect of non-flatness on the ground surface. Thus,
we adopt a cylindrical model chosen so that the curvature of the surface is matched
to the local topography rather than the mean curvature of the earth (for present
purposes, the latter is zero!).

2. A classical preliminary problem

The basic prototype problem is the classical one of a uniform line current source
located outside an infinitety long homogeneous cylinder of radius R, [4]. The situc. n

¥} The research reported here was supported in part by the Mine Safety Center, U.S. Bureau
of Mines.

) Institute for Telecommunication Sciences, Office of Telecommunications, Boulder, Colorado,
80302, U.S.A.

3) Numbers in brackets refer to References, page 156,
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is illustrated in Figure 1 where we have chosen a cylindrical coordinate system (g, ¢. ).
The external medium o> R, is free space with permittivity &, and the internal medium
¢ <R, has a conductivity ¢ and permittivity &, The line source with current / amps,
located at (go, ¢o, ), varies harmonically as exp(i w ¢} where gy = R,,.

lpopi 2}

1lpe, ¢, 2)

Figure 1
The prototype cylinder problem

For ¢> R,, we have only a z-component of the total electric field that can be
written E,=E’+ E: )
as a sum of a primary and secondary parts. We know that [4]

ipgawd
2n

E?= Ko[vole® + 08 — 2 ¢ a0 cos(¢ — ¢0)]'*] (2)

where 7o =i (g f1o)'/? @ and po=4 nx 10~ 7. Using a standard addition theorem for
modified Bessel functions, this, for R, <p <g,, can be written

o

Z £ Ko 00) Ln{¥o €) 008 m(6 — o) 3

m=0

il
2n

E’=—

where g, =1 for m=0, =2 for m=1, 2, 3,.... Then, it follows that the secondary field
for o> R, will have the form '

@

Z Em Am.Km(yo Q) Cos m(¢ - ¢0) (4)

m=0

iﬂomI

El =
N 2n

where A,, is a coefficient yet to be deterr-ined.
The next step is to write down a suii.cle form for the total internal field. Thus, for
the sourceless region g < R,, we have

o

Z bn B L(70) cos m($ — o) ®)

m=0

gl

E,=-—
z 27:
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where y=(i 0 po ® —¢& pg w*)¥? and where B, is also an unknown coefficient,
The boundary conditions for the present problem requires that E, and dE,/dg be
continuous at g =R,. This leads to the system

K.(vo 80) In(vo Ro) + A Ku(70 Ro) = By L(y Ro) (6)
Kn(¥0 80) Vo Laf¥0 Ro) + Am¥o Kal7o Ro) = Bu 7y In{y Ro) M

where the prime indicates differentiation with respect to the argument of the Bessel
function. On eliminating A, from (6) and (7), we get

Ka(vo Qo) 1

8,=-5 , : ®
YoRo  [Lal7 Ro) Ka(¥o Ro) = (¥/70) In(? Ro) Ku(¥0 Ro)]
where we have used the Wronskian relation
Ko(x) In(x) — Ka(x) Ly(x) = 1fx.
Letting gy =+ Ry, we see that
Yo Ro K;(?o Ro) , !
B_=- Im R ——— )] —7R Im R - 9
m [ (? 0)( Km(?o Ro) ? iH (.y 0) ( )

This constitutes a statement of the exact solution of the problem.
For the present application, we can exploit the condition |y, R,| € 1. Then, using
the fact that for x<1, K, (x)/K.(x)~ —m/x, (9) reduces to

By~ [m I (3 Ro) + 7 Ro iy R ™. (10)

Inserting this into (5), we have the following explicit expression for the internai fields
for a line source on the surface of the cylinder

ao

E =- i#ﬂw‘l Z Inl(? Q) cos m(¢—¢0) (11)
: 2z L "™ m L(y Ro) + ¥ Ro Ln(7 Ro)
Corresponding expressions for the magnetic fields are
oo— 1 BE, 1 Z . m I (y o) sin m(¢ — ) (2
¢ ipgwe dp 2ne A " m L(y Ro) + (¥ Ro} 1n(v Ro)
ms
and
K 1 @E, I (v @) In(y ) cos m(¢ — ¢o)
= e LN —2o (13)
igow 8¢ 2me m L(y Ro} + (¥ Ro) In(y Ro)
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3. Application to a topographic feature

We now apply the prototype sofution to the situation depicted in Figure 2. A
Cartesian coordinate system (X, y, z) is chosen with the line source [ located at the
origin. The observer at P has coordinates (x, y, z) in the Cartesian system, and
coordinates (g, ¢, z) in the cylindrical system where the latter has an origin at Q. The
line Q is the center of curvature of the cylindrical surface, and it has Cartesian coordi-
nates (xg, Yo, Z). [Note that the z-axes of the two coordinate systems are coincident
but in opposite directions.]

U T T e,
X

Ry

Yo H,
IJ
$
U VA N W
Q T
¥
Figure 2

Geometry for a line current source on the cylindrical surface and the observer at buried location P

The quantities of interest are the orthogonal components of the magnetic field at
the observer P expressed in the Cartesian system. Clearly, these are obtained as fol-
lows: :

H,=H,cos¢ — H,sing (14)

H,= — H,sing — H, cos¢ (15)

where H, and H, are given by (12) and (13). For numerical work and comparisons

with earlier studies (e.g. [1]), it is desirable to define two dimensionless field parameters
A and B as follows:

2nh
A=— 1; H,=A,cos¢p — A, sing (16)
and
2% h .
B=——I——Hy=A,sm¢+A¢cos¢ (1i7)
where

A,=—Q2nhI}H, and A,=— QQuh/[)H,
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From (12) and (13), the latter are given explicitly as follows:

(%) Z , _mluye)sinm(g = ) .

g = " m Ly Ro) + (v Ro} I.{y Ro)
and
__ (" (v @) Ly @) cosm($ — ¢o)
A= (9) Zo ™ m I(y Ro) + (7 Ro) In(7 Ro) 1
where

(y Ro)™" 2"
Iny Ro) = E ni(m + n)l 2" 2 20)
=0
is the power series definition of the modified Bessel function. Of course, (18) and (19)
are only valid if o< R,.
In the case where displacement currents in the earth are negligible (i.e., where
€ w<a), we see that y=~(i ¢ gy @)" 2. Then the modified Bessel functions of order m
can be expressed in terms of Thompson’s ber and bei function of order m. Specifically,
1(Z ™*)=e™ "2 (ber, 7 +ibei, Z) where Z2{y Ry|=~ (0 pp @)'/? R, is real.
Some needed geometrical relations follow immediately from Figure 2. First, we
note that yo=(R2—x3)"?, then P T=y,—h and Q T=x—x,. Consequently

PT (R3—x3)"*-h

tan ¢ = a? = ﬁo_m _ (21)
or
) [(Ro/A)? — (xolh)T2 — 1
b= ‘a“{ (x/h) — (xofh) } @)

Also, it is seen that
e=[(PTY +(@T) "

e {[G) -G T - T-G)F e

where y h~¢e™* H and H=(o p, w)"'* h. Furthermore, because P is an interior
point, g <R, and (23) tells us that (x—x,)>< RZ—(h—y,)>.

and thus

4. Discussion of some typical numerical results

Numerical calculations of the normalized field functions A and B have been carried
for a range of the dimensionless parameters H=|y k|, R=|y Ro|, X =x/hand X, =x,/h.
In order to illustrate the results here, we plot | 4| and |B| as a function of the dimen-
sionless distance parameter X =x/k for R =3, 10, and 0. For the curves in Figure 3a,
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we have x,=0 and 4=0.2, in Figure 3b, we have x,=0.5h and #=0.2, and in Figure
3¢, we have xo=0 and H=1.0. The qualitative behavior of the curves is very similar in
ail three cases. The effect of finite curvature of the air-ground interface is to increase the
level of the normalized horizontal field (i.e., |A|), while the maximum response of the
vertical field (i.e., | B|) is lowered somewhat. Actually, the curves designated R =co are
based on the results for the conducting half-space or flat earth model as described
before [1]. As we see, if the radius of curvature of the surface is sufficiently large, it

|.4 T 1 T Ll T | T .1 T T | T T Ll T 05
12 2] o4
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IAI 0.3_ |A| R=5 R=I0t0‘2f8|
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04 = ' : 0
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Figures 3, a, band ¢

Normalized magnetic fields as a function of horizontal distance for geometry of Figure 2
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appears that the conducting cylinder results approach those for the half-space. This
is a reassuring check on the numerical data, since the method of calculation is vastly
different in the two cases.

To deal with a specific example, we choose the ground conductivity ¢ to be 1 milli-
mho/m and the operating frequency to be 100 Hz. Then the parameter H =0.20 if the
observer depth A =225 m, while the parameter H=1.0if 2#=1.12 km. Thus, if R=10,
the radius of curvature R, of the surface is 11.2 km, while if R=35, we have R;=5.6
km. These correspond to moderately rough terrain features.

The theory and the numerical data available for this problem should be useful for
making various estimates of the expected errors introduced by the non-flatness of the
ground on the direction of the magnetic field at a buried observer. In particular, the
phase angle between the complex phasors A and B at the observer position will also
depend on the radius of curvature R,. This factor and other mterestmg questions are
reserved for future work on this subject.
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INFLUENCE OF EARTH CURVATURE
ON THE. SUBSURFACE ELECTROMAGNETIC
FIELDS OF A LINE SOURCE

Indexing terms: Electromagnetic fields and waves, Geophysics

The subsurface magnetic field produced by an oscillating
line source of current on the Eanth’s surlace s considered’
Particular atiention is given 10 evaluating the effect of non-
flatness of the ground on the structure of the field at the
butied receiving point. 1L is indicated that the wave-nilt rato
will stilt be a useful parameter in conlemplated schemes for
direction-finding in mine rescue operations.

There arc a number of problems in applied geophysics! where
an electromagnetic source field is set up by a long insulatcd
cable carrying an alternating current. Most recently, an array
of such cables has seen proposed as a mechanism to provide a
modulated field at a subsurface point for reception by trapped
miners.? If the structure of the subsurface field can be pre-
dicted, there is a good possibility, with a simple receiving
device, that the location of personnel following a mine
disaster can be ascertained. We have underiaken to examine
this question from & theoretical point of view. In the present
letter, the specific problem of the influence of local earth
curvature is taken up. This is an extension of an carlier study
where the subsurface field of a cable on a homogeneous flat
carth was treated.?

A general solution for the electromagnetic fields of & line
current source on a nonflat, homogencous earth is not
available. On the other hand, certain 2-dimensional con-
figurations are amenable to numerical treatment as. discussed
in an excelient paper by Hohmann.* We use a similar model

I X
T Ty,
zr‘h H’
x f “a

o Xy

| . Q T
Y

Fig. 1 Geometry of the 2-dimensiona! model for a current line
source on the surface of & locally eylindricel topographic festure

here which has the virtue of relative simplicity. Specifically,
we consider a current line source on the surface of a homo-
geneops carth that has the local characeeristics of a circular
cylinder. The situation is illustrated in Fig, I, where we have
designated the line source by I and the subsurface receiving
point by P. The quantities of interest are the magnetic-field
components H, and H, at P, in the Cartesian frame (x, , z),
for a uniform source cutrent [ exp (ict).

To obtain & tractable solution, we assume that the essence
of the problem can be prescrved if we adopt the solution for a
uniform line source parallel to a *large’ homogeneous ¢cylinder
of conductivity . The radius of the cylinder is Rp, and it is
centred at @ with co-ordinates (xq, yo). Also, we can achieve
some further simplicity by neglecting alt displacement cucrents
both in the air and in the conducting earth. Clearly, this will

be valid when all significant dimensions are small compuared
with a free-space wavelength. The solution for this problem
and the underlying assumptions were desceibed previously,*
and it is convenient, as an intermediate sicp, 10 cxpress the
results for the magnetic fields at P in terms of cylindrical
co-ordinates (, é,z) centred at 0. Thus
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Fig. 2 Magnetic-wave tilt produced by the line source at the
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where = (o o), jig = 41 x 1077 and L(2) is the modified
Bessel function of integer order a1 and (complex) argument Z,
The desired Cartesian components are now obtained from

M,=H,cosd-Hesing . . . . . . ()]
and

H,=—H,sing—U,cos ¢ Y

OF particular interest is the wave-tilt ratio [M,JjI1). Thisisa
quantity which can be measured easily by a single rotalable
loop antenna 4t P, Using eqns. 1, 2. 3 and 4, this ratio is
caleulated and plotied in Figs, 2, 3 und 4 as a funclion of the
purameter X =

H= M= (oo h  Xo=xylh
and

R = |7Ro] = (apowl Ry

On cach Fipure. we show the ‘ideal” response function for
H = 0 corresponding to frec-spuce conditions. Also, using
the earlier results? for a halfspace or flat earth, the response
functions for R = x are shown in Figs. 2, 3 and 4, In
addition. the relative focation of the cenire curvature of the
cylindrical air-earth interface is specified by the ratio

. Xg = vg'h. As indicated, this parameter is either 0 or 0.5,

Finally. we note that the parameter ¥ = [;h] determines the
electrical depth of the observer bencath the level of the line
source.. For a typical operating Irequency of 106 Hz and a
ground conductivity & = 10~ §/m, we easily calculate that
the values H = 0-1, 0.2 and 1.0 correspend to actual depths
of 113, 225 and 1125m, respectively, Under the same
conditions, the assigned values R = 5 and 10 correspond
to actual radii of curvature of 5-6 and 11-3km. The latter
correspond 1o moderately rough terrain features.

100

50

o2

M T T T T 1
o 2 3 4 S

Xexlh
Fig. & WavrtiftforH = 10

The results shown in Figs. 2, 3 and 4 indicate that the

wave-tilt ratio is influenced not only be the finite conductivity
of the overburden, but also by the curvature of the air-earth
interface. The departures from the ideal response function
(i.. for H = 0) increase progressively with the electrical
depth parameter }. Also, such departures are emphasised
by the finite curvature of the surface. These facts should be
borne in mind when contemplating the use of electromagnetic
waves for a detection scheme in ming rescue operations.
Further work on the subject should allow for the 3-
dimensional nature of the problem by considering curvature
in both principal planes. Also, without formal mathematical

xfh for fixed vatues of the. paramcters |

difficulty, stratification of the overburden couid be treated.
These are worthy subjects [or further analytical study if the
scope of electromagnelic techniques in mine rescue operations
is to be fully realised.

I am extremely grateful to R. E. Witkerson for performing
the numericai calculations of the wave tilt for finite values
of R.

JAMES R, WAIT 25th October 1971

Institure for Telecommanications Sciences
US Department of Commerce
Boulder, Colo. 80302, USA
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Subsurface electromagnetic fields of a line source
on a two-layer earth
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Institute for Telecommunication Sclences, Office of Telecommunications,
US Department of Commerce, Boulder, Colorado 80302

(Received Fanuary 22, 1973; revised January 29, 1973.)

A previous analysis for a line source on a homogeneous half-space model of the earth
is extended to allow for the presence of stratification. The formal irntegral solution is reduced
to a form suitable for numerical integration, Also, a number of special cases and limiting
forms are considered. It is shown that the subsurface field has a structure that can be
significantly modified when the balf-space is no longer homogeneous, The results have
application to the design of electromagnetic techniques in mine rescue operations.

INTRODUCTION

Communication from a surface-based transmitter
and an observer buried in the earth must be estab-
lished following mine disasters, Because telephone
wires and other normal means of communication
can be interrupted, it is desirable that the electro-
magnetic signals propagate directly through the
earth medium. In such situations, a desirable trans-
mitting facility consists of a long insulated cable
excited by an audio-frequency electric current. The
ficlds at a subsurface point can be detected either
by a multiturn loop or by the voltage induced in
wire connecting two electrodes. The latter may be
metal roof bolts or other metal probes that have
good contact with the host rock.

If the length of the transmitter cable is much
greater than all other physical dimensions, we can
assume, for purposes of analysis, that the sub-
surface fields are the same as those for an infinite
line source of uniform current. In other words, the
resultant fields are those produced by induction
rather than by conduction. Unfortunately, the situa-
tion is complicated by the presence of the inhomo-
geneous overburden that both attenuates and dis-
torts the subsurface fields. In a previous investigation,
Wait and Spies [1971] considered a homogeneous
conducting half-space model that permitted an ex-
plicit calculation of the fields for a time-harmonic
source current. Also, Wait [1971] advocated the use

Copyright @ 1973 by the Amecrican Geophysical Union,

of such cable fields in a direction-finding scheme.
This would permit as subsurface abserver to deter-
mine his location relative to the surface-based trans-
mitter. In such cases, it may be necessary to employ
an array of such cables with a capability to allow a
subsurface point to be scanned in a regular sequence.

A fundamental limitation to any down-link com-
munication or subsurface location scheme is imposed
by the conductive inhomogeneous over-burden, With
this motivation in mind, we extend our earlier analy-
sis to a two-layer half-space. In particular, we are
interested in how the structure of the subsurface
field is modified when the conductivity of the upper
layer differs from the conductivity of the lower layer.
Such a condition is typical in most environments in
the vicinity of coal mines, although we admit that
the model is still highly idealized.

THE INTEGRAL FORMULATION

-Wri'" reference to the rectangular coordinate sys-
tem :..own in Figure 1, a layered nonmagnetic half-
space consists of a homogeneous slab of conductivity
oy occupying the region 0 < y < h,, and a semi-
infinite homogeneous medium of conductivity o,
occupying the region y > h,, while a uniform line-
source current  coincides with the z axis. If the ficlds
vary with time as exp(iw?), and the frequency is
sufficiently low that displacement currents are neg-
ligible compared with conduction currents, the non-
vanishing field components at a subsurface point
(x, k) are given by
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T Jg u1+k

I o [exp (—uh) ~ R exp [—~u,(2h — R)]
1 — RRy exp (~2u;h;)

]cosh_'d)\ 0<a<h

He= . W
A [ Geee  Wl| a
Jrl' [ i :— A [éxp (_T}B —;Rl: ::: ([:;;fif)‘ - h)]] sindxdh 0<hSh
Rl @
12 [atnecunmint=illpyn <
E = ‘_m:rwlj.‘ " -1|- Y [exp (_’;l’.'_) ;Rf:::([:;;fif; — h)]] cosixdh 0 < i <tk

3)

]coshxd)\ h < h

1 - RRO eXxp ("‘2"1&]) -

_ gl f" L [(1 + R) exp (—uhy) exp [~k = k]
T ¢ W + A

where
R = (u — w)/(u, + u)
Ro = (u — N/ + M)
where
up = (" + ¥
v = oW
f=1,2

The relevant formal theory for this layered ge-
ometry is available [Wait, 1970]. We remark here
that (a) the field components satisfy the appropriate
Helmholtz equation in the layers, (b) the field com-
ponents are all continuous at the interface y = Ay,
(c) the fields all decay exponentially as y — <0, and
(d) the fields reduce to those for a uniform half-
space if hy — o and/or if o; > oo

For numerical work, it is convenient to express
these components in terms of the following dimen-

sionless parameters:
X =x/h
H = (o1p) "’k

D= (0'1#0‘0)lnh1
K= 0'2/0'1

Also, as indicated below, we change the variable
of integration to a dimensionless s = Ah. Then, the
fields may be written as

H, = —({I/2zh) A 1))
H, = (I/2xh)B (5
E, = ~(iuwl/2x)F (6)

where A, B, and F are dimensionless field functions
that conform to an ecarlier analysis for the homo-
geneous half-space model. For the configuration being
considered here, we see that

A = f a(s) cos Xs ds )]
o
B = f b(s) sin Xs ds (8}
0
and .
F = f () cos Xs ds (¢)]
a
where

(L2 + iB)Y? exp [—(° + iH)"] — R exp [~ (2D/H — 1) + i)'

&+ B 45

a(s) == <

1 — RR, exp [—2(D/H)s* + iHHY] -

0L HLD (10)

2 + /) (1 = R) exp [—(D/H)" + iH)” — (1 — D/H)XS + 1KH)')

"+ B + s

.

1 — RR, exp [—2(D/H)s* + iHH"?]

DL H
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exp [~ + 1H)) + R exp [~ QD/H — 1) + iH)"']

2s
" + iHY + s

b(s) = T

1 — RRy exp [—2(D/H)s* + iHY'*]

L

-

fG&) = [b®)/s = <

2 {1 + R) exp [~(D/H)" + iH")'"* —

0<HZLD an
2s (1 — Ry exp [~(D/H) + iHY — (1 ~ D/ + 1KHYY")
"+ iHY” + s 1 ~ RR, exp [—2(D/H)s" + iH)'"*)
DL H
2 exp [—(* + iH)'*1 + R exp [—QD/H — 1)s* 4 iHY]
6+ i) + 5 1 — RR, exp [—2(D/H)s" + iH)'"?)
O<HZS D (12)

(1 — D/H)s" + i KH)Y?)

(s2 + iHZ)lf! + s

.

s° + iHY? — ' 4 1KH)Y”
"+ iHY? + & + iKkHHY?
(" + 1HY? — 5

"+ iHY? + 5

Owr task is to calculate 4, B, F, where X, H, D/H,
and K are given,

R=

(13)

Ry, = (14)

SPECIAL CASES AND LIMITING FORMS

First of all, we note that if K = 1 (i.e, if o1 = 00),
then R = 0 and
2 2 .Hﬂ 1/2 2
o) = (_’l_ TH;)W) s o =6 + B ()
b(s) = sf(s}
= (sﬂ + i}i‘:)lfﬂ + § exp [""(S, + in)V,] (16)

thus, A, B, and F reduce, as they should, to the
forms for a homogeneous half-space (1). On the
other hand, if H = 0 corresponding to the frequency
tending to 0, then R = R, and

b(s) = exp (~—s)
[exp (—s)/s

afs) =
fis) =

an

(18)
Therefore

= fo [exp (—s)l cos Xsds = 1/(1 + XY (19)

= j; [exp (—s5))sin Xsds = X/(1 + X°) (20}

In this static limit, the integral for F does not con-
verge, since the integrand behaves as 1/s, near the

1 — RR, exp [—2(D/H)s" + iH)'

D<H

origin. In this case, however, it is not difficult to
show that

E, « lim (wloga)—0

o0

Another special case that is useful for checking
the numerical data given below is to let A — 0,
Thus, we should recover the results for a homo-
geneous half-space with conductivity ¢, For ex-
ample, if we use the functional notation 4 = A(H,
X, K, D) for the general two-layer case, we see that

A(H, X, K, 0) = A(K'*H, X) @1
where

_ = (SZ + in)l/Z
A(H, X) = zj; & F B s

{exp [—(® + 1H'*]} cossXds  (22)

This is one of the integrals considered before (1)
for the homogenecous half-space. The same identity
applies to the field functions B and F.

A limiting case of the two-layer formulation oc-

N 70
LA v a4 rlrlr:rrrlTrrr.r::Tr:r717—1 L ¢
h n, O,

25303003548 \.!n(\u\\u\n\u\ \u‘\n‘n‘.x};_u‘ i b
ARG DT IAhAr sh b FAR AP ¢ sad " s

—— X — e {x,h) UZ

+

b

Fig. 1. Two-layer model of the earth for excitation by a

uniform line cutrent on the surface.
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Fig. 2. Ratio between the horizontal and the vertical

components of the magnetic field at a subsurface observing

point located in the lower stratum of a two-layer earth.

For this figure and for the succeeding omes, X —= x/h, H =

(euiow )12 b, D/H = hy/h, and K = eov/o1. For this figure
D/H = 0.5, and K = 10.

curs when x — o [Wait, 1970]. In this high-fre-
quency limit, the electric field E, varies as x%/? exp
(—i ky x), where k, is the free-space wave number.
This fact emerges from a general asymptotic de-
velopment for the far-zone fields of a line source
on a stratified half-space (3). Provided |k, x| < 1,
being consistent with the neglect of displacement cur-
rents, E, varies simply as x* in this quasi-static
asymptotic range. Some results for this case were
given by Bannister [1968], who was specifically
interested in the application to the measurement of
the conductivity of the sea bed. In his case, the
parameters equivalent to |y:x| and [yex| were very
large so that the fields could be described by their
quasi-static asymptotic forms. In our contemplated
application to mine rescue procedures, we would
seldom be working in a frequency or distance range
where these asymptotic results could be used. Never-

theless, they do serve as an excellent check on the
numerical integration results discussed below.

In the notation used here, the quasi-static asymp-
totic results are valid if both HX and K'*HX are
sufficiently large (i.e., greater than about 5). Then
we find that

A=~ 20P/(i'"*HX") 23)

B~ 20°G/(iH* X*) (1))
and

F o~ 20°G/(iH*X*) 25)

where Q) is the commonly encountered wave-tilt fac-
tor [Wait, 1970] given by

0 = [1 4+ r exp (~2{'°D))/[1 — r exp (—2i""* D))
(26)

0.5
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0

Fig. 3. Ratio between the horizontal and the vertical com-

ponents of the magnetic field at a subsurface observing

point located in the lower stratum of a two-layer earth.
D/H = 0.5: K = 0.1.



«wn
>
T 1140

1

0.2

T R W W S R N DU R SR
6 1 2 3y 4 5

Fig, 4. Ratio of the field components when the observing
point js within the upper stratum. D/H = 2; K = 10,
and r is a refiection coefficient defined by

r=limR=(01—- K%/ + K

a0

27

Here, G and P are depth-gain functions that cor-
respond to the ratio of the field at depth H to that
at the surface. These are found to have the form

G = [exp (—i'"H) + r

-exp (—21'°D + {1 H/11 + r exp (—2i"* D)]
(28

P = [exp (—i'°H) — r

cexp (—28°D + I’ /I — 7 exp (=21 D)}
' 29

for 0 < H < D. The corresponding forms in the
lower region are

G = {1 + r/11 + r exp (=20 D)}}

.exp [-—l”’D _ iU,(H - D)K”’] (30)
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P = {(1 ~ /Il —rexp(—2i"D)]}
-exp [—1*D — i"H — D)K'"]
for H 2 D.

31}

DISCUSSION OF RESULTS

Using numerical integration as discussed before
[Wait and Spies, 19711, A, B, and F have been
evaluated for a selected range of the parameters
X, H, X, and D, These results are available on
request from the authors in tabulated form for a
range of X from O to 5 and for all combinations
of the following values of the parameters: H = 0.1,
0.2, 0.5, 1.0, 1.5, 0.2, 0.5, 1.0, 2.0; D/H = hy/h
= 0.5, 1.9, 2.0; K = 0.1, 10. Also, some values
of A, B, and F were obtained for K = 0.01 and
100 for a restricted range of the other parameters.

A derived quantity of special interest i the mag-
nitude of the ratio H,/H, at the sub-surface ob-
server point, As we mentioned before (1}, this ratio,
equal to |4/B[, can be measured by two crossed
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Fig. 5. Ratio of the field components when the observing
point is within the upper stratum. D/H = 2; K = 0.1,
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loops or by a single loop rotatable about an axis.
Using the numerical data for 4 and B, this ratio
is plotted in Figures 2 and 3 as a function of the
displacement X for K = 0.1 and K = 10, respec-
tively, for D/H = 0.5, and a range of H values.
Here and in the figures that follow, the curves are
broken whenever |4| and/or |B| is less than 10-*
(i.e., < —60 db). These results in Figures 2 and 3
correspond to locating the observer within the sub-
stratum. The corresponding results for the case in
which the observer is within the upper layer are
shown in Figures 4 and 5, where we choose D/H
= 2.0,

The effect of varying the conductivity contrast
K(= o3/e) is illustrated in Figures 6 and 7, where
we choose D/H = 0.5 and 2, respectively, and fix
H =1 (ie, D = 0.5 and 2).

In general, |4/B| always has a pronounced peak
at X = O corresponding to the observer directly

100

o0

20

10

0.5

02

04 | | ] | I 1 1 l I
0 1 2 3 4 3

Fig. 6. Ratio of the field components illustrating the ef-
fect of conductivity contrast between the layers. H = 1,
D/H = 0.5.

10

|a/B|

T

!

0 WY R WO RS T I T SR

Fig. 7. Ratio of the field components illustrating the ef-
fect of conductivity contrast between the layers. H = 1;
D/H =120,

beneath the source cable, On examining the curves
in Figures 2, 3, 4, 5, 6, and 7 we see that the peak
may be obscured to some extent by the presence
of the stratification in the overburden. No doubt
this behavior should be taken into account in any
feasibility studies of source-location techniques that
utilize subsurface magnetic-field measurements.

An important and nontrivial extension of the
present analysis is to allow for the nonuniformity
of the thickness of the upper layer. This subject is
being currently investigated by using a wave-optical
technique.
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Abstract—The subsurface electromagnetic fields of a line source
with a delts function current are considered. All displacement
cwrrents are neglected. The time-dependent electric and magnetic
fields at the buried ohserver are illustrated. The resulting wave-
forms all have a leading spike followed by a slowly decaying tail of
opposite polarity, The results have possible application to downlink
signaling in mine rescue work,
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INTRODUCTION

Expressions for the sabsurface electrie feld of o Yine sonrce with
an impulsive current were derived previously [1]. However, in
application to downlink commmunication and signaling, the time-
dependent voltages induced 1a small lovp receiviag antenuas wre
also of interest, These voltage waveforms are proportional to the
time derivaiives of the appropriate magnetic field compuonents,
Here, we consider these response waveforma and obtain numerical
resulis for all the fieid components fur any location of the obsecver

‘within the lower lalf-space,

Brrerwic Fienp

The line source curries an impulsive eurrent Twdth) and i3 coinei-
dent with the z axis. The subsurfaer observer is locafed ot (&, -4}
inthe earlth (p < 03, ws shown in Fig i I all displaceiocsi eurening
are !H'}!,h‘('tt!d, the inverse trapnsfurm of the known tune-harmonie

solution for the clectric field [2] can be readily evabuded. This
impiise respunse {13 for ¢ > 0 s given by
iy jz‘, (3 (s V172 ( N ek 1
e:(t) = — coshzl - b A o exp| — - - — = A
) L ok ) 2{x £")‘" pod 4 J(
(1)

where ¢ is the conductivity of the hall space, and o is permenbility
of fres space,
In order to evaluate (1), we consider integrals of the type

To =[ exp {—aX?} cos \r A (2)
Q
Iy = f hexp (--ah?) eos Ao dh 3
[
where
_ i
(uowr)

The first integeal is well known, and the second can be writien in n
convenient summation form [37]. Thau
{x}2exp (—2/de)

Iy =
s 21

_1_ oz g (~DW%

= o — —- - (zarV2y2EHL

Za e (2 -F 1!

By substituting (4) and (5) into (1) and carrying out the differ-
entiation, we obtain’

(45}

Iy
€z (1) = :I-r;' LJ',u:h;; B (D ’])

where the normalized electric-field waveform is given hy
1
E.{D,T) =exp (—~ f){(T‘E — 4T exp (— ?1;) 4 g
n
— ( T_”‘)'”"H.” (7)

'[1 27— (2 + 1)!

where [ = z/h, aid T = I/ (ouh?).
while £, I}, and T are dimension!ess.
Actually, (6) is equivalent to that of Wait’s [17 whose resubt
coninios the tabulated Dawson’s integral [4 ] rather than an infinitn
sum, and also T is defined differently, Here, we chaose the -
tion form because it is relatlively convenient to evaluate on a coni-
puter and also it yields the asymptotic expansion for large 7 directly.
Wavelorms of £, for various values of 1 are shown in Fiz 2.
Note that ¥, is attenuated and stretebed out ws 1) s ineremnsed.

(8)

o

(—1)*k!

Itere, Iy has units of churge,

Maonsrwe VikLy

The time derivatives of the two magnetic fisld camponents b,
and A, can be obtained from Muxwell’s equations:

dhat) _ 1 o)

- at T ue dh 8)

ah;t(.') . 1 ae,(z)_ ™
e O
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Fig. 2. Normalized electric fleld waveforms as function of position.
Fig. 3. Normmlized voltage waveform Tor lvep with horizontal axis
as function of position.
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Fig. 4. Normulized voitage waveform for loop with vertical axis as

function of position.
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Conseciuently, the voltages induead 1o smadl toops with either o or
y- directed axes (v, or v, ) ave given hy

- de.{t)
va(t) = AN _6h (1)
. , e (t)
- v {t) = AN - (11}

where A is the loop area and N is the number of turns.
By substituting (6) into (10} and (11), and ecacrying ont the
differentiations, we obiain the voltage waveforms

v,(t)} ~ TodN {V;{D,T} 2)
v, () $rahd (ouh?) V(T o)
where
_exp (~147) 2L b o 2.1
VeDT) = ——— {(" hﬂ')“"( ) T\ e
o P R S L AN
|1 — e I b (DT L (14
xif [l T2 ey (2k 4+ 1)1 T i ()
and .
' _ —exp (-14T)| D 1y »
Vo(DT) = T [5(1 - 27‘) e“"("sfr
1= (k1)
B S i =172y 2k+1 15
e 12k -+ 1)! (A7) ] (13)

where D = z/h, and T = {/(ouht).

"As defined, V. and V, are dimensiunless, while v, and v, are
proportional to A7% Tn the important special case of the ohserver
directly below the source (D = ), V, is zero and V, siplifies to

Ly 3 1 1,
— SURPHE — P L 1T 3 e |
4'1')[[" 2 F* T }

(1)

V,(O,T) = exp (—

The response functions V. and V,, fur arhiteary D, were com-
puted from (12) and (13), and arve shown in Figs. 3 and 4. As indi-
cated, the waveforms are stretched out as D increases. The peak of
V, decreases with increasing D while V, increases from zero for
amall D before decreasing for targer .

CoNecLopinGg Remanks

While the results given here pertain to a delta fundtion eurrent,
the response for an arbitrary current can be obtained hy convoli-
tion, All waveforms shown have a spike followed by a slow tail, and -
the length of the tail could he a determining Factor in pulsewidth+
and repetition frequenciés for downlink communications [57]. Un
the other hand, the depenc-nce of pulse shape on positian could be
useful in source location ™ - a buried observer.
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ARRAY TECHNIQUE FOR ELECTROMAGNETIC
POSITIONAL DETERMINATION OF A
BURIED RECEIVING POINT

Tadevong terms: Telecommmication linke, Safety

We describe & sehemw Lo locate personnet in & coal mine
Tollowing a disaster. The method, white not vet tested, would
requite anly that the trapped miner be equipped with a leop
receiving device.  Operating frequencies i the fow audio
range are called for.

There is mote than a casual isterest in exploiting eleciro-
magnetic waves to locate miners following o disaster, The
possibility that alt conventional means of communication
are climinajed should not be ruled out. However, if the
miners are equipped with & simple receiving device, it is
feasible for themy to perceive an audio-frequency electro-
magnetic signal from a surface transmitter. Such a downlink
communicition scheme has been demonstrated by the
Georescarch  Laboratory of the Westinghouse Electric
Corporation. They als0 envisage an uplink scheme using
seismic signals generated by hammer blows. A technique for
utilising the seismic signals for direction finding and/or source
location has also been considercd (as described oraily by
P. B. Large of Westinghouse). Here, we would like to
suggest that there may be some direction-finding capability
using a scanning array of electromagnetic line sources on the
surface. If such a method is 1o be feasible, the receiving
terminal must be simple.: We outline a possible scheme to
achieve this goal. .

The simplest scheme which we envisage is a paraliel pair
of Jong current-carrying cables on the earth's sucface. If the

-

-olf I

Fig. 1 Cross-sectional view of situation
Y
BoiX)

- X
HBolX X0} 2MhH T

= X
—{ X fe

Fig. 2 Ihustrating superposition of 2-cable fields

carthed endpoints of these cables are sufficiently far away,
the ficlds in the vicinity may be imagined 10 emanate from
- infinite linc sources.

The configuration is illustrated in Fig. 1, which is a cross-
sectional view of the situation. As indicated, a current f
amperes flows in one cable, while a current —af amperes
flows in the other cable. Here a is & factor which can be
varied by the operator on the surface. The two cables are
separated by a distance d, which is kept constant for a given
test.

FReprinted trom ELECTRONIC LETTERS Vol. 7 No. 8
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We now choose a rectungular co-ordinate system {x, y, 2)
s0 that the Earth's surfiwe is the plane y = 0 and the tirst
cabie is coincident with the 1 axis, Then, the second cabie s
locoted at x = -~ and y w O The recerving location is o
depth p = = A, but s location relutive to the cable puir
is not known; Le. we wish 10 deterntine the « co-ordinate
of the subsurface point # indicated w big. 1.

A relatively simple quantity to detect at the subsurfoce
point P is the veriical component of the resultant magnetic
field. If the frequency of the alternating curtent in the cables
is sufficiently low, the ficlds at P can be estimated from static
theory. As discussed e¢lsewhese, this calls for operauny
frequencies of the order of 100 Hz or less, and iimits the
deprths to less than several hundred metres for moderately
conducting overburdens. For purpuses of this discussion,
we will einploy the static theory, even though there is a more
vefined analysis available® 2.

Under the conditions stated, the vertical magaetic-ficld
component f, at P is given by a simple adaptation of the
Biot-Savart law, Thas,

1 X  X+Xe
Ixk T+ X7 " Ta(X+Xopt

H, = 4]
where X = x/h and X, = d/h. I the observer is equipped
with a rudimentary horizontal loop {Le. vertical axis) and
vollage detector, he is able 10 note by a seismic hammer
blow when the signal has & maximum or a minimum, For
example, il « is varicd in some systématic pattern by the
surface operator (e.8. & saw-tooth scan.of one minute), there
will be a point in time when !, vanishes, For a fixed and
known value of X,, one can then determine X from cgn. 1
by setting the term in braces equal to zero.  In general, this
leads to the cubic equation *

X(l+‘(X+Xo)’}=a(l+X3_)(X+Xn} N 4

which can be solved explicitly Tor the desired root Xom.
A graphical interpretation of the results is useful at this
stage. To this end, we write eqn. | in the form

Hy = (e Bo(X)—aBo(X + X} . . . (3}
where Bo(X) = X(1+ X3 = (X4 X~ "~'. The norma-

" lised ficld of the current ! in the main cable is Bo(X) and the

normalised field of the current — af in the secondary cable is
—aBs(X + Xo). These functions are sketched in Fig. 2.
As indicated, the sum of these is the resultant normalised
field 2ahH,/I. The latter is obviously zero at some point

. X = X where X, > 0, provided that 0 < a < i.

It is casywto see from eqn. 2 that, if both X and X, <€ I,

_ the solution for the root is particularly simple. Then

Xa= «Xo/()-a)

It is also evident that the resolving power of the scheme is
only satisfactory when X, and X, are not o0 large.

As mentioned above, the simple analysis given here is oniy
valid when eddy curremts induced in the overburden are

. negligible. At sufficiently low frequencies, this will always

be the case, OF course, this imposes a difficulty with the
receiving equipment, which needs (o be mare sensitive as the
fro uency is lowered. Actuaily, the principie of the detection
n...cme it still applicable when cddy currents are not negligible,
It then becomes necessary 10 asswne 3 halfspace model of the
carth and replace the field funclion Bylas by ite mive general
form B(X, ). The latter iv a complex {uncuon of hoth
X and I = /2 hid where & 18 the clecirical skan depth of the
overburden. Tables of B(X, H) ure given ehewhere' in
principle, they can be used 10 devise a detecpon schetne for
the general case of a conductive overburden,

The discussion has considcred a 2-disnensional confiszufe-
tion involving paralfel-line sources. In 8 mngle spphcaiion
of the techniqgue, it is only possibie to deduce the value of the
xco-ordinate of the observer. The procedure, however,
can be repeated for current line sources paraiiel to the x axs,
in which cas¢ the zco-ordinate of the observer could be
determined. .

Other possibitities inciude the use of arrays of line sources
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operating cither at the same frequency or at multiple

frequencies. The feasibility of such schemes should be
investigated at the -carliest opportunity,

). R. WAIT 9h March 1971

Institute for Telecomnuwtication Sciences
Office of Telecommunications
Boulder, Colo. 80302, USA
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LOW-FREQUENCY IMPEDANCE OF A
CIRCULAR LOOP OVER A CONDUCTING
GROUND

Indexing terms: Anteana thevry, loop entennas, Elecirical
Impedance

Using & quasistatic upproach, Lhe input impedance of & circular
wire loop is culculited lor the case where the Eagth is
reps led as a homop conducting hulfspace. It is
shown that the input resistance 1s only proportional to the
Fround conductivity when she loop radius is small comparcd
with Lhe glectrical skin depth,

In various technical applications, onc is inlerested in trans-
mitting useful power from a ground-based loep antenna. For
example. in proposcd mipe-rescue technigues,' it is desired to
communicate with a subsurfacc observer via a trunsmission
path through the overburden. In a previous analytical study,?
we considered the subsurluce lields for an insulated civculas
loop of wirc on or just above the Earth’s surfuce. We did
not, however, consider the power required 10 maintain the
specified uniform current ! in the wire loop, In this letter, we
consider this problem.

As before, the frequency is assumed to be sufficiently low

for the current round the loop to be uniform. Alternatively,
the fecd points are sufficicatly numerous for an adcquately
uniform current to be maintained, even for higher frequencies.
The quantity of interest here is the sclf impedunce Z, which is
defined by Z = ¥V}I, where V is the total voltage intcgrated
round the loop.

The geometry is indicated in Fig. }, where the Earth is
taken to be a homogeneous halfspace of conductivity ¢ for
x < 0 with respect to a cylindrical-co-ordinate system {p, ¢, 2).
The loop of radius « is located at z = A4 in the vacuum region
for £ > 0. The single-turn wire making up the loop has a
radius ¢, where ¢ <€ o, The wire itsell is assumed to be
perfectly conducting. . .

For the model adopted, the electric field Eq in the space
2> 0 can be derived from E, = dF/dp, where F is a scalar
function of p and z. Under quasistatic conditions, the latter
is given by? ' : _

lrowa’l  2J,(Aa)

- ] ] 2 Jo(@)

» Jexp {— Alz—ho| )+ (A—~w)(A + 1)~ exp {— A(z+ ho)}]dd

S £}

where 4 = (124 igue w)t. The time factor adopted is exp (i),
and the angular frequency @ is assumed to be suificiently
low for all the displacement currents 1o be acgligible. The
magnetic permicability of the whiole space is taken to be
fo(= 4% 10-7T H/m}. i

The self impedance Z is now calcuiated from
ze TRl

F

:-!.Qil
If we now write
Z=imwalP+S) . . . . .. . . .
it easily follows that '

Pex[ U@l ep(-Bexidx . . . . @
; !

26th July 1973
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Fig. 1 Sides view of circulsr loop over the conducting halfspace
model cf the ground

and

- o
o X— (P24 _
5= tof {31020} w.—__"x+(x’+i2.4‘)* exp ( Bx)d:.c [6))
where '
a - loop radius 2 ¢
A= 5 | skin depth = (cr,u.,w)
Bom wire radius
*a loop radius
and
g 2hote 26 _ 2xlo0p height
a ~ a loop radius

Here, of course, P is the (normalised) primary inductance of
the loop, and can be expressed in terms of the complele
cliiptic integrals as follows:
N 2
Pl 1-5"— Ktka)-Etke)} . . . . (6
ko 2

where ka = 2(B,? + 4)-%, Here, following standard notation,

L'r]
o
Ky = ! (-2 52 0)

L]

E(k) = _[ (1 — &2 sin? 0)* 40
-]

and

In the gencral case, it appears that the secondury influence
charactcriscd by S must be cvilfuited by numerical methods,
For small values of A, we can write

Sz-i;(llj)@..........m

.

where

3]0

x £ {Id
f(m--i-!‘ 'x, —expi—Boyde . . . ()
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If, in addition, 8 < 1, wo cun repluco the exponential by
1= Bx in oyn, Y, yiclding stundurd intugrals.? Then

2 x .
f(.ﬁ)z—j--Tll. P (/]

‘The other limiting caso is when A is very large. To illustrate
this case, we first note that

SwS,+A8 . . . . . L 0. L (1)
where

Su® Shioa = = 5{—4(- - -‘53) k- an

v Ll B=1
E1O ) 05 -
0,3 o1 .
19 -
i:_\ : 5x10 :/
' 4| 2x1074-
10 .
c tpogazrul IR IR AI]
160‘01 . Q1 1
A~afb

Fig. 2o  Normalised input resistance of the loop sz & function
of the foop radius for several elevations

107
o]
g
ot
1l L1 l}'l"llll ] I'll 1)
005 O o5 1 ’ L) L8]

Fig. 28 Function I{B} showing its limiting behaviow for small
and large 8 values

= Smail-8 approximation, [(8) o 2{1—{n 4} B
[ ] B approximation, f{B) o n[88

where £ = 2(B2+4)~%,and

a 2x ) .
AS - IJ m (0P exp (~ Bx)dx (12)

If A is sufficiently large, we see that
. -

AS = (—";-) 2 [rew(-mog,cntds . . ay
is the leading term in an expansion in inverse powers of A.
This integrul has been given by Luke;* thus

4 i
2\*__Bk

AS = (T 24(1- 69

x ‘(l-— $) m&)—(l—&')x(ﬁ)}

It appears this is tiunly a valid corsection if the product A8
is very targe compared with 1.

Numicrical valies of P from eqn. & were ottained for
several vidues of By s follows:

By = 10°% P = 13.89
Bom 10-% P = 11.59
Bo= 107% P =9.29

The correspending values of the inductance L of the lcop in
free space are then L = g0 aP henrys,

Using mumerical integration, the complex quantity § was
evaluated® from cyn. 5 for varivus values of 8 and A. O
particular imlercst is the ravistive component R = ReZ =
fotoa{ —~Im §) ohms.  The noemalised quantity R/ g oxr is
plotted in Fig. 24 as a function of A for various vilues of 8,
As indicated, R varics lincarly with A2 for A less than about
0-2. In this range, for the ¥ vilues indicated, tho approxi-
mation § = —iF(8Y A® is applicable. To aid the user, 4 plot
of the function F(B) is shown in Fig. 2, along with the
limiting asymplotes, .

The limiting value of R for a/8 tending towards infinity is
rather interesting.  If B is sufliciently small, we sce that the
ordinate in Fig. 2a approaches /4. This is entircly consistent
with the concept that the resistance of the loop is equivalent
te 2rax (u;wf8) ohms, The factor pe /8 is identical
to the resistance per unit length of an infinitely fong current-
carrying wire lying on or just above the surface of a conducting
halfspace.®

“The present result cin be used in estimating the total power
requiremients for a downlink communication system, For
example, if we choosca=0-5km, f= WO Hz and 7 = 1072
Sim, we see from Fig. 2a that —Im § ~ 025 and that the
corsesponding value of the sesistance R is 0-106L This is
comparable to the ohmic resistance of the loop itsell if, for
example, we selected a single-turn copper wire with a radius
‘of the order of 1-4 »m.

I R. WAIT 3rd July 1973
K. P, SPIES :

Iustitute for Telecommunication Sciences

Office of Telecommunications

US Depariment af Commerce
Boulder, Colo, 80302, USA

¢ Numerical tables availablc on request from the
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The subsurface ficlds of a finite line source or current-carrying cable are examined. Some special cases,
such as the low-frequency limit, are treated analytically, and some simple working formulas are obtained.
The general field expressions are reduced to single integrals with finite limits that are evaluated numerically.
It is shown that if the source cable is sufficiently long, the fields are approximated by those for an infinite
cable. The results have possible application to downlink communication and radio location of trapped
miners.

On étudie les champs produits sous la surface du sol par une source constituée par une portion rectiligne
finie d'un cable transportamt du courant. Certains cas spéciaux, par exemple, la limite aux basses fré-
quences, sont traités analytiquement, et quelques formules directement applicables sont obtenues. Les
expressions générales des composantes de champ sont réduites 4 des intégrales simples avec des limites
finies, et ces intégrales sont évaluées numériquement. On montre que si le cable source est suffisamment
long, les champs sont approximativement les mémes que ceux d'un céble infini. Les résultats ont des appli-

cations pour les coramunications souterraines et la localisation par radio de mineurs emprisonnés.

Can. J. Phys.. 51, 1534 (1973)

Introduction

The subsurface fields of an infinite line source
on a conducting half-space have been examined
by Wait and Spies (1971). In any real communi-
cation link from the surface to an underground
terminal, the line source or current-carrying
cable is of finite length. Here, we examine the
subsurface fields of a finite line source with the
purpose of determining what cable length is
sufficient, and when the infinite line source is a
good approximation. The earth is taken to be a
homogeneous conducting half-space, and the
current in the cable is assumed to be constant.
The latter assumption is well justified at audio
frequencies when an insulated cable is terminated
by grounded electrodes that are separated by
distances small compared with a free-space wave-
length (Wait 1952; Sunde 1968).

Formulation

The geometry of the line source of length 2/
located on the half-space, and the observer in
the half-space, are as shown in Fig. 1. The ob-
server is located at {x, y, z), and the x-directed
source current f runs from —/to [ on the x axis.

'The research reported here was supported by the U.S.
g:reau of Mines, Pittsburgh Mining and Safety Research
ater,

[Traduit par le journal]

The current varies as exp(iwt), and the angular
frequency w is sufficiently low that all displace-
ment currents are negligible, The Hertz vector
contains both x and z components (I, and IT,)
and the contribution from an incremental source
of length dx’ located at X’ is given by Wait (1951)
and Banos {1966):

_Idx'
~ 2no

Idx' @ @ gur
dI1, *T‘:.EEE;J; a CL GO

where

euz

[+2]
J; 5 o) &

ar,
(11

u=QM+ )2 ¥ = iopgo,
p=D+(x - xPI"

Y =0 '
R IR
-2 ¥4
R
2
4 il Observer
{n,y, 1}

Fic. 1.
space.

Finite line source on a homogencous half-
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U, is the permeability of free space, and o is the
conductivity of the half-space. Here, and in what
follows, we restrict the observer to the subsur-
face region z < 0.

Since a numerical integration on x' will be
required, it is desirable to eliminate the A integra-
tion. For this quasi-static situation, Wait (1961)
has shown that the A integration can be per-
formed to yield the result

_ JTax 62P___a3N+ , ON
*= Jnoyi\0zr 0z ' ) Bz

Idx' (N 0P
I, = Srey? (axaz2 - axaz)

where N = L[(y/2(R + 2)]K[(v/2(R — 2)),
P =R exp(—yR), R = (p* + 2!/, and I,
and K, are modified Bessel functions of order
zero, The magnetic field components are derived
from the curl of the Hertz vector

[3] dH = o curl dII

By carrying out the curl operation in {3], and
utilizing the fact that N satisfies the wave equa-
tion, (V? — y%)N = 0, the magnetic field com-
ponents are obtained:

[2]

gy 14X (N &P
=7 2ny? \Ox0yoz*  Oxdydz
Idx' (8P 3P *N
[41 dH, = 2ny? (623 toxoz T azﬁayz)
dy o ddx (N LN P
7 2my? \0ydz2® v dyoz  Oydz?

The electric field components have been given
by Wait (1961):

— Idx' {&*P N
4B = s (622 + ayzaz)
Idx' &N
(51 dE, = 2no dydxdz
-V
dE Idx' 9*P

* = Ino oxoz

To obtain the resultant fields for the finite-
length cable, we integrate [4] and [5] over the
range of x’ from —/to /.

The components of interest here are H,, H,,
and E,, since all other components vanish in the
vertical plane x = 0. Also, these are the only
nonzero components everywhere if the line

HILL AND WAIT: SUBSURFACE ELECTROMAGNETIC FIELDS

source is of infinite length. For normalization
purposes, it is useful to write the fields in the
manner

H, =

¥

I AH, v, X, L)

)
I~ |
=

(6] H,=5-—=BHYX,L)

o
=

s

E, = :l—;:—:ﬂ'—rF(H, Y, X, L)
where H = (0py0)' 2k, ¥ = yfh, X = x/h, and
L =1Ilh and k(= —2z) is the observer depth.
Note that A, B, and F are dimensionless. For the
case of the infinite line source (L = o), these
quantities have been tabulated (Wait and Spies
1971). By comparing [4] and [5] with [6], the
following integral forms are found for 4, B,
and F:

A(H, Y, X, L) =—Th3 f

ol A io
33 + ax%oz
PN\ .
+ azgayz) dx
h L (9N
M B %X L=t [ (T

— zﬂ_ESP d
Vayaz dyoz> x

! (a3p

~L (e
F v x D~ (55

N ,
+ ayzaz) dx

The specific expressions for the partial deriva-
tives of Pand N in [7] are given in the Appendix.

Low-Frequency Limit

The low-frequency limit is useful both as a
check on the numerical work and as a simple
means of determining trends at low frequencies.
If the frequency approaches zero, then v ap-
proaches zero and the Hertz . smponents are
given by

_Idx . _Tdx'1
Il = 4no J; e Jo(Ap) d) = dnc R
_ =ddx (x = x) * 4.
[8] dI, = e ——-_p . e**J (Ap) db
_ =ldx' (x — x'
- GBSy
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where we make use of the integrals listed by dH. = Tdx' y
Wheelon (1968). It is important to note that *7 41 R
dIl, does not vanish in this limit. This is con- [9] )
sistent with the notion that the electric fields dH. = Tdx' {“_3:_
can be derived from a scalar potential ® that is Y © | R
iven b ' -
B Y ‘ +£[x —zx (1 +_A_):l}
¢__(an,+an,)=—1dx _i_ﬁ_(l) ox| »p R
- Ox 9z 2rg 9x \R . L
There is also an x component which is not of
for the static limit. interest here. The quantities in [9] can be inte-
The magnetic field components are obtained grated from x’ = —/to x' = +/ to obtain the
from the curl operation in [3). Thus total fields

H _ I —z l—x + I+ x
P4 |y 4+ 22 [ = %) 4+ yE 4+ 21T+ x4 R+ 2]
I—x I+ z
(I=x%+y [(F = x)? + y? + 22712

+
[10]

I+ x z
+ I+ x¥ + y’[l + [+ x)? + v + zz]”_j:l}

H Iy I—-x + [+ x
T Ary 4+ 2 [0 - X+ Y 4 22T+ 0+ yE 4 27

From [10], the normalized quantities 4 and B, as defined in [6], are found to be

—1 L-X L+ X
A0 L XD =317 v [{(L— XP+1+ V2L X + 11 YZ]”Z]
L L=x0p I 1
{(L—X)* + Y? L-X)*+1+ Y¥'/2
[11] L LExn T 1
(L+ X)* + Y*? KL+ X)* + 1 + Y4172
77  L-X L+ X
BO.YX. D=1, [[(L-— X+ 1+ Y2 T 5P+ 1+ Yzj”"]
As L approaches oo, the following results are obtained:
1 Y

The results are of course independent of X and agree with infinite line source results (Wait and Spies
1971).

Results for finite L are shown in Figs. 2 and 3 for ~ = 0. Note that 4 in Fig. 2 overshoots its final
value and that L = 1 is sufficient to obtain a horiz...tal magnetic field equal to that of the infinite
line source. However, the B values in Fig. 3 approach their final values quite slowly, particularly for
larger Y. Consequently, a fairly large value of L is required to obtain a vertical magnetic field nearly
equal to that of the infinite line source.

High-Frequency Limit
_The other useful limiting case is for high frequencies where Ivp! is large. In this case, terms invol-
ving P are negligible, and N is asymptotically given by (Wait 1961)
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Fic. 2. Low-frequency limit of the horizonta! magnetic field as a function of ¥ and Z. Final values are dashed.
F1G. 3. Low-frequency limit of the vertical magnetic field as a function of ¥ and L. Final values are dashed.

¥z

[13] va‘f!p for z<0
Consequently, dE, and dH, are given by

Idx' . @ (1 Idx’ ., 0* (1
[14] dE, e © 3y? (p) and dH, ~ — Iy e 3 \p

In order to determine dH, we must include higher-order terms in N. If this is done, the result is

fdx’ ,. 0 (1
L13] .~ = 3y (93)
The x’ integrations can be done in [14] and [15] to yield the total fields:
1 z 62 2 2q1/2
By~ —mse gl = x4+ [( = %2 + 1]

2 —In[~({ + x) + [ + 0* + ¥V}
(6] Hy~ —gpe™ gz {inll = x + [( = 0 + y717)
—In[—{ + %) + [(I + x)* + y2]V*]}

I .0 {1 l—x l+x
H, ~ —m—5e" -~ + 7
*T Ty WAL - 07 + IR T I+ ) + 1Y
If I approaches co, then [16] reduces to

=y 0
1o y2 H

Yz ¥z
v e2 H 21 ¢
wY y nY"y
Thus, the normalized quantities 4, B, and F are given by

[17] Eili=w ~ Hylizw ~

2 .
A(H, Y, X, o0) ~ ;i y? SXP (—1'2H)
4 Y
[18] B(H, Y, X, ) e exp (—i'/?H)

F(H, Y, X, o0) ~ mf—yzexp(mi‘“H)
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Fic. 4. Magnitude of the horizontal magnetic field as a function of Yand L,
FiG. 5. Magnitude of the vertical magnetic field as a function of ¥ and L.
FiG. 6. Magnitude of the horizontal electric field as a function of ¥ and L.

These results agree with those of the infinite line
source (Wait and Spies 1971).

We stress that the ‘‘high-frequency’ hmit
solutions discussed in this section are applicable
when the horizontal distance, p, is much gregrer
than a skin depth in the earth, and much Jess
then the free-space wavelength. Thus, the
formulas are of limited applicability, although
they are useful for checking the results of the
numerical integration.

General Numerical Results

For general values of H, a numerical integra-
tion over finite limits of the expressions in [7]
is required. Even though the integrands are
quite complicated, they are well behaved
numerically. Consequently, the computer pro-
gram for A, B, and F is quite fast, and the influ-
ence of the various parameters can be studied
easily. Here, we illustrate some of the important
features in graphical form.

Results for H = 2 and X = 0 are shown in
Figs. 4, 5, and 6. For large L, all quantities
approach those of the infinite line source (Wait
and Spies 1971) which is reassuring. Although
A, B, and F are now complex, only the magni-
tudes are plotted since the phases are relatively
constant with L,

We note that |4| in Fig. 4 still has a slight
overshoot before settling down to its final value
for large L. A similar trend for |F| is shown in
Fig. 6. In both cases, L greater than about 1 is

sufficient to yield field strengths nearly equal to
that of the infinite line source. However, a larger
value of L would be required to reach a nearly
maximum value of | B} as shown in Fig. 5. Con-
sequently, if the wvertical magnetic field is
important, a value for L in the neighborhood of
2 might be more appropriate, if we wish to
simulate an infinitely long cable. This could be a
crucial factor in designing a subsutface location
scheme that makes use of the well-defined struc-
ture of the magnetic ficlds produced by an
infinite line source.

Concluding Remarks

Analytical expressions for the subsurface
fields of a finite line source have been derived
for high-frequency and low-frequency limits.
For the general case, a single numerical integra-
tion along the source is required. Although a
constant current distribution has been assumed,
an arbitrary distribution would present no
problem since the source integration is done
numerically. Also, multiple grounding of the
so 2 cable and arrays of such cables could be
treated by simple extensions of the present
formulation.

Results for low and medium frequencies indi-
cate that the finite line source fields approach
those of an infinite line source quite quickly. For
instance, L ~ 1 appears to be sufficient for the
horizontal electric and magnetic fields, and
L =~ 2 is sufficient for the vertical magnetic field.
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It is important to realize that the finite line for finite L implicitly account for the effect of
source excites currents in the earth by induction the conduction currents injected at the elec-
and by conduction. The effect of the latter trodes.
vanishes in the limit of an infinitely long cable In a sequel to this work, we plan to consider
when the magnetic field is measured at the the fields produced by a finite source cable lo-
subsurface point. The resuits shown in Figs. 2-6 cated within a coal mine.

Appendix

There are four terms in derivatives of P which are required in [7). The differentiation is straight-
forward, and the resultant forms are

P _e™M[1 3z% ( 3z Y
a2 RZ[R(‘“'RZ)*"’ 1+R2)+R:|

P ze R i 3 2 2 222 yiz?
=R e (- )*“ ( 2)*3"(“R2)“R]
3y Sy (g 52\, afy 62 _ 12
L19] ayaz = [R )+ F(-R) () -7
o'p ze “R __3__ _5§x-«x'!2 3r x-—x
ox%0z R? +

+ 72[1 _ S sz')’] _ va(xlz x’)’}

The four terms in derivatives of N can be simplified by replacing the derivatives of the modified
Bessel functions by Bessel functions of zero and first order. This procedure, used previously by Wait
and Campbell (19534, b), yields the following expressions which are quite suitable for numerical
evaluation.

32N
[20] 507 = 5 [AooloKo + ALK, + AoiloK: + AioliKo]
where
F4 z 1 z 1
Ago =R'Y—z’ A, = —%E, Ao, =E’z"(“’1+§), Ao = “"R“’z‘(l +'§Z')
°N ¥ B |
ay%0z 3[ ooIoKa + B [\K, + B I K, + B, K]
where
Yz 3y? ¥z 3y 2y
Byo =2 {1 =2 =15(-
00 R (1 Rz), Bu _Ii‘f 1+‘R%‘+ pz
1 (1 — y2y? 3y 3y3z 1 1 — %2 3y 32
o= 1 S ] b 32 )
o*N ¥ c
oy’ “7[ ooloKo + C1 1K, + Co K, + Co1:K]
where

R
¥ 223 — ¥y}®) 6y 15 2y%(R? — 2z°
cn_w[_z+_—Rz—_+_§T e e
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1 [2(3 — y¥y? 3241 — 2v%vY) 152y 159223 2y?2(R + 2)
Co1=§?["‘(‘7{m—72@2+22)“‘ (Rzyy)“ Riy + §4 + 4 pz
1 [z(3 — v*y? 3231 — 29*yY) 152y 15y%z? 2y? 2R — )
C*°='R_3"[( R?)’)+,Yz(y2+zz)+ (sz.v)_ Rjz_ e +”éz ]
*N
a_y‘a?i = :[ZZ'[DOOIOKO + D Ky + Do LK, + Do K]
where
z 1522 1522
Duo':%?l‘( 3+“R‘I"+Y ), D“=R (13 "ﬁ?“ v’z )
_1(3 3 1522 152 Wz 3k
-‘3““‘1'22(.122 R RT T RS b - T O )
143 3z 1522 158 3 z 6viz?
Dlo=if(§f+if*“‘n4“xs— + 3T ’és)

The argument of 7, and 7, is (v/2)(R + z), and the argument of K, and K, is (y/2XR — z).
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Subsurface Electric Fields of a Grounded Cable of Finite Length
for both Frequency and Time Domain

By Davip A. HiL!) and James R. WaIt?)

Summary — The subsurface electric fields of a current-carrying cable are examined for both steady-
state and transient situations, Closed form expressions are obtained for two of the electric field com-
ponents, and a numerical integration is used to obiain the third component. Waveforms for a step-
function current excitation are displayed. The resuits have possible application to pulsed downlink
communication in mine rescue operations.

1. Introduction

The time harmonic subsurface fields of a finite length line source or current-carrying
cable on a conducting half-space have been examined by HiLL and WarIT [1]. The
emphasis was on examining the effects of finite cable length on the subsurface magnetic
fields. Here we consider the electric field ; also we extend the analysis to the time domain
by treating a step-function current. The nature of the build-up of the subsurface
electric field is of importance. This rise time dictates what pulse width and pulse repeti-
tion frequency can be used in a downlink communication system.

The half-space is taken to be homogeneous, and the current in the cable is assumed
to be uniform. This is justified for an insulated cable with grounded ends for sufficiently
low frequencies [4, 3, 8], Actually, related problems of the transient subsurface fields
of an infinitesimal horizontal dipole and transient coupling between surface cables
have been treated by Wait [5]. The techniques employed here are similar,

2. Frequency domain solution

The line source extends from —{ to / on the x-axis, and the observer in the half-space
{z < 0) is located at {x,y,z) as shown in Fig. 1. The x-directed current is fexp(iwt),
and the angular frequency w is sufficiently low that displacement currents are negligible

') Institute for Telecommunication Sciences, Office of Telecommunications, U.S. Department
of Commerce, Boulder, Colorado 80302,
%) Cocperative Institute for Research in Environmental Sciences, University of Colorado.
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everywhere, Under these conditions, the eleciric field components from an incremental
source of length dx’ located at (x",0,0) are given by [6]
—Idx’ (*P &N
9z? + 9oz’

Iddy &N
?" 2n0 dydxoz

Idx' &*P |
* 2rg dxdz’ D

dE, = 2rno

where
P=r-texp(-yr),
N = L[(y/2) (r + 2)] Kol(7/2)(r — 2)],
r=[(x—xV+y* + 22112,
7 = (iwpe 6)7,

n
2_. . OBSERVER
¥ o=luwig (x,y.z)

Figure 1
Finite line source on a homogeneous half-space with a subsurface observation point

o is the conductivity of the half-space, y, is the permeability of free space, and /, and
K, are zero-order modified Bessel functions. To obtain the fields of the cable, we
integrate (1) on x’ from —/to /.
Since dE, and dE, contain d/dx (=—8/0x’), the integration can be performed
easily to yield
2

N, — N),
Y Zn:crayaz( . 2)
- P, —P,),
£, Py az( 1 2) {2}
where
J“‘J. = Nlr-rls
2 2
Psiplrﬂ'j;s
and

r=[(x F D2+ y* + 22
2
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" After carrying out the differentiation, £, can be written in the following convenient
form
E, = —-[{/{(2ran E,{W,L, X, Y), 3)
where ' .
E.n = RPexp[-(iW)2 R, {1 + (W) Ry] — R exp [HiW)' 2 R][1 -+ (iW)'2 R,],
W = wugy oh?, L=1Ih, X =x/h, Y = p/h,
Ry=ryh=[(XFL?+ ¥* + 112,

and h (= —z) is the observer depth. Note that E,,, W, L, X, and Y are all dimensionless
and that W can be considered a normalized frequency since it is proportional to w.
The dependence of |E_,| on W is illustrated in Fig. 2 for L =1 and various values of
X and Y. In a typical example with ¢ = 1072 mhos/m and A = 100 m, the frequency f
is given by

f=WiQnrou,h*) = 1266 W Hz. (€)]

Figure 2
Frequency dependence of |E,,| for various observation points

Consequently, the frequency range in Fig. 2 is 126.6 Hz to 126.6 kHz for the above
values of ¢ and A. The phase of E,, is a generally decreasing function of W.

In order to express E, in a convenient form, the differentiations in (2) are cartied
out and derivatives of the modified Bessel functions are replaced by zero- and first-
order functions. The resultant E, in normalized form is

Ey = —[1/(2?[0’&2)] Eyn( H/’ L; Xa Y), (5)
where

(L Ky — L Ko}

yn

WY ([aw)e
, [ -

R=R|

R-R:]

1 1
- (I_é + R_i) (Io Kl)

2

! ! (J'Kl + ! ! I, K,

E+R—f 0 l)|R=R1 E—?_E (1, Kp)
(iW)H2

R}
(1 1

-R_SE)U‘KO)

(LK — LK)

R-R,

)

R=R;

+
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the argument of [, and /, is (iW)"*(R —1)j2, and the argument of K, and K, is
(iW)"*(R + 1){2. The dependence of |E,,| on W is illustrated in Fig. 3 for £ = 1 and
various values of X and Y. The phase of E,, is again a decreasing function of W,

The integration for E, must be done numerically, and some results have been given
{1}. However, here we wish to normalize in the following form

Ex = —[[/{an’hz)] Exn( W! Ls X; Y)s (6)

where

£ o_p Y Rp BN "
e f azz+6y232 o

—

2P  exp(—yr)| /322 32

= A o1 2,2

e pE ) + yr 3 +y zr,
PN
dy? 0z

yz{ 3y
Byo == ;5 (1 - ";7),

Yz S )
Bll:ﬁ]jl_l +_p"?+-_—r2-*—22 N

Y .
=5[30010Ko+ By LKy + By Ig Ky + By I, Kg),

1 [ 3 2 -¥y) 32)1

r2 r r

i I z(1 =9 322
Bm=~§[k1 t— -+
r r r r

the argument of J, and 7, is y(r + 2)/2, and the argument of K, and X, is y(r — 2)/2.
The x' integration was done numerically, and the resultant dependence of |E,,| on
W for L = | and various values of X and Y is illustrated in Fig. 4. It is interesting that
the curves peak near W =35 before falling off for large W. As in the previous cases,
the phase is a decreasing function of W.

A simple special case is the low frequency limit, where the electric field is given by
the gradient of a scalar potential {6]. Thus

KHx _ 2 11
dE* . 2 gl 0
2ne  Ox\r
-r_ {1 1
E¥ = — Y- _ _
270 (71 I’Z). (7)
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Consequently, the normalized components are given by
ES=(L-X)R?+(L+ X)R3,
E¥ = —Y(R{} - R,
Ef =Ry - R (8)

All computed results in Figs. 2-4 agree with these limits as W — 0. These limits are
important because they are the final values of the step responses that are computed in
the following section.

02

Eynl

o

Figure 3 _
Frequency dependence of | E,,| for various observation points

Figure 4
Frequency dependence of | £.,| for various observation points

3. Step response

In this case, the cable current is given by JU(r) where U(f) is the unit step functior.
at ¢+ =10. The step responses are given by the following inverse Fourier transform:

Exr) | Fexpion |
X
B ) == 'f~—e P E, Y dwo ©)
I 2n
Esr) e E,
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where E,, E,, and E, are given in the previous section,
The following standard inverse Fourier (or Laplace) transform is useful in obfaining

E;
Fexp (—aliw)®)/(iw)] = erfe [a/(2t' )] U(2), (10}

where
2 o0
erfc(x) = pi J.e"” dy

is the compiement of the error function for real argument x. By applying (10) to (2},
we obtain

=
Exr) = 55 35 i erfellr/ D (o o/2) 2] — ryterfc[(ryf2) (o o/t) 2]} (1)

3 15 15 i3 W
T
Figure §

Step response E2, for various observation points

The unit step U(r) has been omitted in (11), and it is understood from hereon that ail
time responses are zero for negative time. We now write (11) in the normalized form

B0y =-11/2rahM) Es(T,L, X, Y), (12)
where
B erfc{(R/2) T~12]  exp [-Ri/(4T)]
zn R? (TI:T)I”Z Rlz
erfc [(Ry/2)T~4/3] exp[-R3/(4T))
- ?% (ﬂ:T)”z R%

and T = t/(croH?).

Curves of £}, vs. T are given in Fig. 5 for L =1 and various values of X and Y.
Note that, at T =2, E?, has nearly reached its static limit as given by (8). For typical
values of ¢ (= 1072 mhos/m) and 4 (= 100 m), the quantity ou.h® is 0.1258 msec.
Consequently, T'=1 corresponds to ¢ =0,1258 msec. The quantity eu,h* has also
appeared as the effective time constant for the transient fields of a pulsed loop [7].
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In determining E, the following inverse Fourier (or Laplace) transform is useful
[2):

_exp [—(a* + ;!;2)/(4t)]ll0 (fé) a3)
2t 2t

Application of (13) to (2) aliows the expression of the impulse response in closed form.
Consequently, the step response can be written as an integral of the step response:

& Hiolatin)'?] Kolb(im)' 2]}

Ex(ty = —[H(2mah®) E;(T,L, X, Y), (14)
where
T
Es(T,L,X, Y)= f BT, L, X, Y)dT"’
1]
b T T
0 Lxt -
-p ¥rl,Yr0.25
E;« Xut, Vel
-045._ —
X=1,¥=0.5%
0 ! | |
& i 19 5 20
T
. Figure 6
Step response EY, for various observation points
and

Y RNl (Ri-1 R - |
£ a5 () )

RN\, (-0 | (B-]
TEP\TeT |\ e \Tsr ||

The integration in (14) was done numerically, and the resultant step responses for
L =1 and various values of X and Y are shown in Fig. 6. Again, the final values as
given by (8) have essentially been reached at "= 2.

In order to determine E2, the inverse Fourier transform was done numerically as
follows:

Ef(t) = —[l/Qnah) E3(T,L, X, ), (15)

where
o

1 Exn W,LQX:Y
E;n(TsL:X’ Y) =-27C f-_—(—'—)'

iWT)dW,
J pres exp(iWT)
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and E,, is given by (6). The resultant curves of £%, vs. T are shown in Fig. 7 for L = 1
and various values of X and Y. These waveforms, unlike those for £%, and E,, contain
an overshoot and a slow recovery to the final value.

12

X=0,Y:0 L=} !
1 i
-5 Q)

Exn %
08 X:L,Y=0 |

04 }

0y ¥a1,¥=1 =

0 J
[} 05 10 15 i

Figure 7

Step response E~;,. for various observation points

4. Concluding remarks

Both the time-harmonic and the transient subsurface electric field for a finite length
cable carrying a step function current have been examined. Closed form expressions
have been obtained for the y and z components, whereas numerical integration was
required for the x component. The time-domain waveforms are fairly simple and the
final values can be obtained from a scalar potential. However, the waveforms for the
x component do contain an overshoot. The {ime constant of the waveforms is roughly
citgh? which is consistent with previous results for loop sources.
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The magnetic fields on the surface produced by a buried current-carrying cable of finite length are
considered. A homogeneous half-space model of the carth and quasistatic conditions are assumed.
The cable is grounded at its end points and oriented at an arbitrary angle to the interface. While, in
general, numerical integration is required, the low-frequency limit may be treated analytically. Smalt
cable tilts are shown to modify the direction of the surface field but not the magnitude. The results
have possible application to uplink communication and radio location of trapped miners.

§. INTRODUCTION

The subsurface fields of both infinite-length':? and
finite -iength® line gources have been examined for the
source located at the surface. Here, we examine the
fields of a buried finitelength cable which makes an
arbitrary angle with the interface. This case ig of
practical interest because either the cable may be tilted
or the earth surface may not be level.

The earth is taken to be a homogeneous halt-space,
and the current in the cable is assumed to be constant.
The constant-current assumption ia valid at sufficiently
low irequencies when an insulated cable 18 grounded at
the end points.** Since we are primarily interested in
reception at the surface with loop antennas, the desired
quantities are the three magnetic field components
evaluated at the interface.

il. FORMULATION

The geometry of the buried cable of length 27 carry-
ing a current Jexp{iwf) is shown in Fig. 1, and the
angular frequency w is sufficiently low that all displace-
ment currents are negligible. The cable is located in
the xz plane and makes an angle o with the £ =0 plane.
Its center is on the z axis at z=-h, and a general
source point on the cable has Cartesian coordinates
(x',0,~k'). We introduce s as the distance from the
cable center to the source point. Consequently, the
source coordinates are given by

#'=scosae and h'=k-ssina. 1)

The Hertz vector has both x and z components (11,
and I1,), and in deriving the contribution from an in-
crémental source of length ds it is convenient to re-
solve the current into x and z (horizontal and vertical)
components . The contribution from the vertical com-~
ponent is given by Watt* and Banos®:

dIly = (I ds sina /470) R  exp(~ ¥R,) - Bt exp(~ ¥R)],
(2}

where

Y= (:'wu,,a)”’, R, =[(x—x’)’ +y| +(z +ht)lllls,

R=[{x-=xP+y*+(z =P, £<0, »'>0,
i, is the permeability of free space, and ¢ is the con-
ductivity of the half-space. Although (2) applies to the
case of both source and observer in the conducting half-

Space, it is uselul for evaluation of the magnetic field
at the surface (z—~ 0), since the magnetic fleld is con-

tinuous across the interface. However, the limit of
dll} as 2 approaches zero 15 seen to be zero. Since the
x and y derivatives are also zero, the curl is zero and
the magnetic field is zero. Consequenily, the vertical
component of the buried source does not contribute to
the surface magnetic field (within the quasistatic
approximation).

The contribution from the horizontal component of
current is given by Wait™:

dl} = {I ds cosa /4w0)[R;* exp(~ yR,) - R™* exp(- ¥R)
+2 [ (u+ Nt explulz ~ I, (o)r drl,

Idscosax 3 =
am =._;;a_.°‘. F;J: (u + ) explulz ~ "), (Ap) di,
(3)
where

u=0+9* 12 and p=[lx~2'P +5]1/2

Walt” has shown that the A integrations can be carried
out to yield

dn::%ﬁe [R:,‘ exp{- YR,) = P +2y?
o
(52
2 e ¥ ez )l
Idscosa [/ N 3P
] -
dn; = 2moy? \dxoz* axaz)’ “)
where
z
y
y
Yo =0

FTT T 7777V 7777 777"
Observer (x,y,2)
RO

‘/'\/(x'o-h'
e (O

/ {0,0,~h)
Length 24

FIG. 1. Tilted line source in a homogeneous half-snacs.
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N=I[[{(y/2)R +z = n) K[ (y/2HR ~ z + 1")],
P=R"exp(~yR),

and I, and K, are moditfied Bessel funcHons of order
zero. The magnetic field components are derived from
the curl of the Hertz vector:

dH =ocurldl. (5)

Bince we are interested in evaluating the magnetic field
at the interface, the following relationships are useful:

L 3R (6)

32 | 92

Rﬂ |(-0=R I.-o and 2z

a0 rul

By substituting {4) into (5) and utilizing (6) as well as
the fact that both N and P satisfy the wave equation
[(v? = ¥)N=(¥® ~y®)P=0], the magnetic field compo-
nents at the interface (z=0) are obtained:

di Idscosa ( O'N  2°P

*7 29y*  \dxdydz® oaxdyoz)’

_Idscosa [/ *N P
di = 2ry2  \0y* 02 3P oz )’ @
gy —fdscosa [ 'N ., 9N 3P

=7 2myp? \9y ol 4 dydz ayaz) ’

To obtain the resultant magnetic field of the cable,
we integrate (7) over the range of s from =1 to . For
normalization purposes, it is convenient to write the
fields in the following manner:

H,=(/2mh)H, (H,Y,X,L,a),
H,=(/2%h)H,(H,Y,X,L,a), (8)
H,=(/27h)H_(H,Y,X,L,a),
where H=(wu0)'*h, Y=y/h, X=x/h, and L =1/h.
Note that H_, H_, and H_ are dimensionless. By com-

paring (7) and (8), the following forms are found for
H,,H,, and H_:

g heose fi [ HN 3P ds
m™ 2 ], \Prdydz®  oxdyaz !
hcosa {4 { 3N 3P
B, = y? j:, (ay’ 322 2 az) ds, ©)

g heosa ([ 3N -yt #N _ 3P ds
mT oy ), \3yae® dydz oyoz? :

The specific expressions for the partial derivatives of

P and Nin (9) are given in the Appendix. Although the
electric field components are not of major interest here,
similar expressions in P and N can be derived.

11l. LOW-FREQUENCY LIMIT

The low-frequency limit is useful both as a check on
the numerical work and as a means of determining
trends at low frequencies. For y approaching zero, the
Hertz components in (3) reduce to

m::ii‘—i%”- {R;‘ - R +fwexp[- A’ = 2) |, (A0) dl}
A _

_Idscosa

~ 4moR, ’
{10)

~Idscosa (x-x') =

A el (7
M=—fre 5 ), =xel=2h =2, 0 ar

_~=1Idscosa (x
T 470

}x')ﬂ +(z = n)R],

where we have made use of integrals listed by Wheelon.®

In order to simplify the discussion, we now consider
the cable to be level (@ =0). The magnetic field com-
ponents are obtained from the curl of (10). Evaluated at
the interface (z=0), they become

==ids 2 [—15(1-;13-')],

U o4r 3y | P
Ids y~h 9 [x-5s -
dH,:-aT {F +a—x- [T(l -hR 1)]}, (11}
fds y
*T 47 R®°

The total field of the cable is obtained by integrating
(11} from —1to I. The resulting integrals can be done in
closed form and can be simplified to yield

Hﬁ% [0 = p37 = h(R 532 = R31037)),

Hyﬂiﬂ (y—,';"z,[(z — 2R + (1 + )R]
{12)
+(=%)p?1 - hR}Y) + (1 +x)p53(1 - hR;‘)) s
H,=g; GFmle- 2R + G+ 2
where
Ry=[(x#1P +y +n2]/2

and
p=[Ger P+ 202,
2
In the limit of an infinite cable (I— =), (12) reduces to
HI —.0’ .

~I h
R T e b

H~t 2
21 B2+

{13)

These limits agree with those of the infinite line
source,! and graphical results for arbitrary length are
presented later.

IV. HIGH-FREQUENCY LIMIT

Ancther useful limiting case is for high frequencies
where |ypl is large. At the interface (2=0), terms
involving P are then negligible and N is asymptotically
given by’

N=(yp)'exp(~yh'). (14)

Consequently, dH, and dH are given by
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FIG. 2. Low-frequency behavior of H,, 88 a fumction of L and o
for observer directly above source., Circles indicate the inter-
section of the cable with the interface,

Ids cosa .
dH, = Sy exp(— 11?")

Bx ay @),

(15)

{ds cosa ' .1
dH =5 " exp(~ Yh)aya(p)

In order to determine dH,, we must include higher order
terms in N, and the result ia
Ids cosa

’ d .,
dH,=--"'2n—y,— exp(~ ¥ )-B_y(p 9.

{18)

In order to simplify the discussion, we again treat the
case of the level cable {& =0). In this case, the s in-
tegrations can be performed to yield the total cable
fields:

n =lemlh) ¥
x 2777’

11-1(1 —x+p)=In(=1~x+p)],

= - —lexp(- yh) a

Ay [ln(l x+p)~In(-1- x+pg)l,

a7

nrotggeo 5[4 (5582

1 P

FIG. 3. Low-frequency behavior of H,, as a function of L and a.

o

FIG. 4, Low-frequency behavior of H,, as a function of L and a.

If the cable becomes infinite (I — =}, then (17) reduces
to

H -0,
H, —~Iexp(= vh)/1vy?,
H,—~ 2l exp(~vh)/mv*y*.

{18)

These limits are identical to those for an infinite cable
at the surface for a subsurface observer.?

The “high-frequency” solutions are actually valid
only for a range where the horizontal distance is large
compared to a skin depth in the earth and small com-
pared to a free-space wavelength. However, even though
this solution is somewhat restricted, it is quite vseful
in checking the general numerical results.

V. GENERAL NUMERICAL RESULTS

For general values of the various parameters, a nu-
merical integration of the expressions as given in {9) is
required. Even though the integrands appear quite com-
plicated, they are well behaved numerically, and the
resultant computer program for H_, H_, and H,, is
quite fast. Consequently, the influence of the parame-
ters (H,Y,X,L,a) can be studied easily.

Results for the static case (H=0) with the observer
directly above the cable center {X= ¥=0) are shown as
a funetion ¢” L for various cable angles « in Fig. 2.

Only the 3 1nponent H_ is nonzero in this case, and
05 —
a=0°
- .
Q3T> 40° ]
Hzn X=H=0
02— ¥=1 -1
€07
0 -
go*
0 Ao L]
0 I 2 3 4
L

FIG. 5. Low-frequency behavior of H,, a8 a function of Z and .
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0.4 T 17 7 T

012k —

30
010 20* ~

0.08- 1

| Hln l 10*

0.06— ‘
0.04-

0.0¢ .

FIG. 6. Behavior of |H,,| a5 a function of L and & for H=2,

the final value for the level case (@ =018 ~-1. Con-
sequently, even at L =4, the level cable does not ap-
proximate an infinite cable. By examining the curves
for small L, it is possible to determine where the short
dipole approximation fails—that is, the point where the
curves are ho longer linear in L. Examination of the
curves shows that the linear behavior ends in the
vicinity of L=0.3, The various curves terminate at
values of L where the cable would intersect the surface.
The curves indicate that small tilts (@ <20°) do not
strongly influence the results. However, further in-
creases in a can change the results considerably.

Results for 2 different observation point (X=0, ¥=1)
are shown in Figs. 3~5. As o 13 increased, H_, in Fig.
3 becomes nonzero. For this component, the dipole ap-
proximation is always invalld because it gives zero for
H,,- H, in Fig. 4 is seen to approach its infAinite-line~
source value of - 0.5 quite slowly. H,, in Fig. 5 is gesn
to approach its final value of 0.5 somewhat more
rapidly. Figures 4 and § reveal that fairly large values
of a are again required to significantly change the re-
sults from those of the level case, The crossover in the
curve for @ =60° in Fig. 4 is a result of a strong nega-
tive contribution from the end of the cable near the
interface. Buch behavior has been found in both H,, and

010 , I
0.0J'

I
2

L

FIG. 7. Behavior of IH,"! a8 a function of L and @ for H=2.

FIG. 8, Behavior of 1H,, ! as a function of L and ¢ for ¥=2,

H_, for other observation points when o becomes large.

Results for H =2 at the same observation point are
shown in Figs, 6—8. The tilt again introduces nonzero
values of 1H_ | in Fig. 6. However, IH,t and |H,, | are
again relatively unaltered by amall values of . The
dipole approxtmation again fails in the neighborhood of
L =0.3. The phases are not shown since they remain
fairly constant with changing L.

V1. CONCLUDING REMARKS

Analytical expressions for the surface fields of a
buried finite line source have been derived for the high
and low-frequency limits when the source is level. For
the general case, a single numerical integration along
the source is required. A constant current distribution
has been assumed, but arbitrary distributions or cable
arrays could be handled, since the source integration is
done numerically.

Resulis for low and medium frequencies indicate that
the infinite-cable result is achieved only for very long
cables (L >5). The infinite-cable result 18 reached for
much shorter cables when the cable is at the interiace.®
At the other extreme, the short dipole approximation
appears to be valid for only very short cables (1 <0.3).
Consequently, a large range exists where the general
formulation is required. When the cable is tilted, the
short dipole approximation becomses even worse, For
ingtance, the x components of the magnetic field, shown
in Figs. 3 and 6, are pradicted to be zero.

The effect of cable i... is shown to be small for the y
and z components for tilts less than 20°. However, the
tlt does strongly alter the normally small x component.
Consequently, small cable tilts can be expected to pro-
duce only small changes in the surface field strength,
but they may considerably alter the direction of the
fleld,
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APPENDIX

There are three terms in derivatives of P which are
required in (9}, and the resultant forms evaluated at
the interface (z=0) are
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P

—a(x = x')Wh' R - 34+ 8y2R?
3%y 02 {x = x')yh’ R *exp{~ yR){y ¥y

+15yR2 +15R"%),

f;% =h'R exp(~ ¥R)[~v? +y¥(y'y* - 3)R™?
+8(2y% =1)R® +1599* R +155*R),

3
5:—5%,- =yR3exp(=yR)y™ +3yR™* +3IR™

Agp=7h""R4(y*+15R®),
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+h%(~ 73R! = 6¥2R? = 15yR* ~ 15R"Y)].

The four terms in derivatives of N can be simplified
by replacing the derivatives of the modified Bessel
functions by Bessel functions of zero and first order.*1°
This procedure ylelds the following expressions at the
interface (z=0), which are quite suitable for numerical
evaluation:

L] -t
axaa;rap zyy(x2 X )[AooIoKo +ALLK, + Ay LK, +A K]

where

A, =vRY4RT - yR "R - 1507 R - SRR - 2[R+ 'V + (R =)L,

Agy =R« y? +6y*h"R® +12WR> +1587R* = (R + k')t (= y*h R - 3h'R2 — 34"R"Y)],

A =R3y? -6y R +128'R® - 15h"R 4~ (R = b’) (y*h"*R™* ~30'R* + 30 2R];

’N  yp
3y oz ='§2[BmIoKo + B LK, + ByloK, + Byl Ko,
where
By=-vh'R*, B, =vh'R?,
By=-R*1+NRY), By=-R*1-KRY);

PN
W =%Icoofoxo +ColK, + Co LK, + Cioh Ko,
where
Coo=Yh"R™*(=3 + 7% +1547R™%),

C,  =vR3[=2 +A"R?(3 - »*y?) + 85* R = 1578 "R4+ 257 " R2(R? - 21")],
Cor =R RHy?y =3) = ¥*(5* +h?) = 3K7R3(1 = 29%57) + 158"y R +1557h"2R* = y*y*h'p2 (R ~ 1')],
Cio=R¥[R'RM y* =3) +y2(5? + 1) + 3hZR3(1 - 2¥25%) + 15k"5PR™S = 155°h"R"* = 23?0’ ¥R + 1'}];

PNy
‘é;’é';! ='%[DooloKo + Dy, LE, + Do LK, +DmeKo]:
whare
Doy = Yh'R*(3 = 153" R = y*1"),
Dy, = vh’'R™*(—13 +154"7R* + v2?),

Dtu =R"(3R'“ +3R'R2? - 15A%R -~ 154" R0 = Y3 +3Y R - YRR 6‘}’2h'sR"),

Dyy=R33R?2 -~ 3h'R — 1527 R + 1517 R™ = y? = 3y3R' R = yERRR2 4+ 6y2R"SRI).

The argument of Z, and I, i8 (7/2}(R — k'), and the argument of K, and X, is {(¥/2)(R +#’).
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The boundary value problem posed is a truncated cylindrical region excited by a specified
distribution of electric current over a concentric cylindrical surface. The end conditions are
that the total normal current density is zero. The solution is carried through for excitation by
a symmetrically located axial current filament that is adjacent to the cylinder, Numerical re-
sults of the resuitant magnetic field are given for the quasi-static situation for a perfectly
conducting cylinder. It is indicated that the results depend significantly on the length of the
cylindrical target. Even for very long cylinders, there is no. quantitative similarity with the

corresponding two-dimensional model of a cylinder of infinite length.

INTRODUCTION

The theory of the interaction of electromagnetic
waves with finite or bounded structures is extremely
involved except in a few special cases. For example,
the vector wave solution for the sphere is about the
only case that is tractable when the incident wave

is arbitrary and the body dimensions are comparable

with a wavelength. The class of obtainable solu-
tions for scalar wave problems is somewhat broader,
but even here we are restricted to separable geome-
tries.

The need for useable results for finite body scatter-
ing has motivated many investigators to utilize
numerical techniques [Ward and Morrison, 1971]
such as the moment method [Harrington, 1968).
Even here the three-dimensional nature of the prob-
lem compounds the usual difficulty of excessive
computation time. One well-known alternative to a
direct numerical attack is to employ high frequency
asymptotic techniques [Fox, 1964] such as J. B.
Keller’s geometrical theory of diffraction.

Here, we should like to point out the possibility
of getting useful results from a special form of a
truncated conducting cylinder that is excited by a

Copyright ® 1973 by the American Geophysical Union.

finite axial current element. It is suggested that the
results to this problem can provide insight to scatter-
ing by finite cylinders and, hopefully, they will be
useful as a check on numerical procedures developed
for more general three-dimensional structures. Also,
we shall utilize the low frequency solutions to show
graphically how the magnetic field varies in the
vicinity of the cylinder for various positions of the
adjacent current element.

FORMULATION

The specific situation of interest is illustrated in
Figure 1. A conducting cylinder of conductivity o
and magnetic permeability p occupies the space
p < aand |z| < s in terms of g ~ylindrical coordinate
system (p, ¢, 2). The regior. , > a external to the
cylinder has a conductivity o, and magnetic per-
meability uo. To allow for the existence of displace-
ment currents, we can aliow both o« and o to be
complex. Over the concentric cylindrical surface
p = po , we specify that the axial current density
is a known function K(¢, z) amp m, Actually, in
Figure 1 we only show the region for z > 0.

We now propose to find a solution of the prob-

. lem under the stipulation that the normal current

density is zero at the surface z = [s|. This, in turn,
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Fig. 1. General configuration show-
ing only region for z > 0.

requites that the normal electric field E, is also zero
over this surface. On the other hand, since we are
interested mainly in the situation of symmetry about
the plane : = 0, we can utilize the fact that £, = 0
on this plane. Thus, attention may be restricted just
to the region 0 < z < s, if we remember that the
solutions for even symmetry are ¢ven about z = 0,
In what follows, we shall adopt a time factor
exp (wt).

We fully appreciate that the posed problem is not
directly applicable to an isolated finite cylinder, but
we can assert that the solution of this idealized
situation should tell us something about the effects
of truncating the cylindrical structure. If the latter
is relatively thin and highly conducting, it can be
expected that the normal current density within the
structure tends to vanish at the ends.

FORMAL SOLUTION

To facilitate the analysis of the posed problem,
we express the total field in terms of electric and
magnetic Hertz vectors that have only z components
11 and TT*, respectively [Wair, 1959]. Thus, for the
region p < g, the field components are obtained
from

E, = @' ]/8p 02) — (inw/ oo TI*/0¢) !
E, = (1/p)®* 11/ 02) + inw(@[[*/80) ¢))
H, = (=iv"/wep)@]1/8¢) + @ ][*/0002) (3

It

Hy = (' /u)@]1/30) + (/0@ [[*/0¢ 02) (4
E, = [~y + @/a:N]]1 (%)
H, = [—7" + @*/aN]]* (6)

where y = (iouw)'/* is the propagation constant for
the cylinder. The solutions for the region p > a
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have the same form as (1) through (6), but we add
asubscript zero where uppropriate.

The required forms of the solution for , - « are
H = E Z am.nlm(vap)'ei Lt <os R,,Z (7)

and
I -

where v, = (A2 + y2)!/% Here, 1, is a modified
Bessel function of the first kind that remains finite at
p = 0. For single-valuedness in ¢, obviousty m
ranges from —x to + o through all integers. Alsg,
since E, = 0 at z = 5, we note that A, = (2Zn + 1)
(w/28) where n = 0, 1, 2, 3, --- . In addition, we
readily confirm that £, = 0 at z = 0, in accordance
with our assumptions concerning symmetry.

In dealing with the region external to the cylinder,
we choose the wave-functions to have the following
form, fora <.p < pu,

H E Z: [bm.nlm(uﬂp)
_ + ConKnltap)le” ™ cos Nz (9)
=2 2 G Kuliaple ™™ sin A,z {10)

n

2 2 an Lop)e ™ sin .z (8)

]

and, for p > pq

II =
I -

where i, = (A* + y,*)Y/% Here, K, is a modified
Bessel function of the second kind that assures out-
going waves as p —» <, These forms of the solutions
are chosen to allow for a possible discontinuity in
H, at the surface p = po, while E,, E., and H. are
continuous, The latter immediately tells us that
Cun® = dun®.

We next express the prescribed current excitation
as a do e Fourier series in the manner

2 2 dunKalup)e” ™ cos Az (1)

T 2 dun* Knltnple ™ sindz (12)

K, z) = Z Z Fmae "™ cos Az, (13

where F,, , is easily determined. The boundury con-
dition at p = p,, written as

H¢lp..w‘ — Hyloon = Ko, 2} (14)

is now easily applied. Using the Wronskian rclation
],"’(Z)Km(Z) - I'm(z)Km’(z) = I/Z, wWe dctcr-
mine that

bon = (ﬂoPn/To)Km(unPn)Fm,n (15
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where 5y == jugw/ye. Thus, the coefficient b, , is de-
termined entirely by the excitation. -

The boundary conditions at the surface of the
cylinder are that E., H., E,, and H, are continuous
at p = a, Application of these leads to four linear
equations to solve for the four unknown coefficients.
Omitting algebraic details, this process leads to

Cmn = {=bu.n/ DY ' V") — 1) (imN./a) LK,
— [y /0)(1/ )11/ L) — Groti/ o), ]

Ay’ Y L/ LYK — youno K'Y (16)
and
Cmn® = (= by o/ DIimA/aN@ /0%y — Whe/na  (17)
where
D = [(W/2"y — 1P (imA./a)’ K,*
— [y oX /) KL/ L) — Grost/ ) K]
‘ [('Y“g;fu)(ﬂ]:"/l.w)xu - 'Yl)uﬂll Krt’] (ls)

Here, we have used the following abbreviated nota-
tion I, = I.(n.a), I, = L{(v.a), K, = K, (u,a),
U =u, v =0, and y = {pa/y. The two coefficients
for the internal fields can be obtained from

(b A, + W KDL, (19)

am.ﬂ =

and

2 2
amm* = ucm.n*K:t/U ]r

(20)

To complete the statement of the formal solution
of the posed problem, we observe that the Fourier
inverse of (13} is

# 2x
Fo..= (l/ws)-/; j; K(p, 2)e’™ d cos N,z dz  (21)

Ii we specialize this to an axial current I amp in a
filamental strip of half-length [ as indicated in Figure

[l I A _lu_’] [m JA
vy 1, uny 1. v 1,

z
p=a
(/T E 2s
[ [ S
I
L]
[e]

Fig. 2. Specialization to a
linear current element adjacent
to the conducting cylinder.

where A is the angular width of the strip. These
elementary integrations yield

Fon = (Hmpy)lsin (mA/2)/(mA; )]

e ™ (sin A, D)/ N8 23)

The corresponding value for b, , is given by (15).
If & — O corresponding to a filamental ling curtent,
we have

br.n = (1/T)(00/Y0} Knlttapo)e " (sin Ayl)/\,s (24)

The corresponding electric dipole excitation is ob-
tained by regarding A,/ as a small quantity whence

B 2 (T/75X00/70) K (80 poYe ™%

where /! is the current moment,

We shall now consider some aspects of the general
solution before considering the static limit, Equation
16 can be written

(2%

= —bm,n[Im(una)/ Km(una)]Am.n (26)

Comn

where

YaNe Ku':l (l { )z(m)\,,)’?
—— |+ \lz— =z
u K, U u a

A’N,ﬂ =

2, we can replace (21) by

4 do+ A/2
f COs A,z dz f
0 Do AST

Fon =

(1/peA)e’™ dip (22)

[15,’_12__&][&!_«_’
vn 1, une K, v 1,

@7

u K, + AV W a

In the case of a perfectly conducting cylinder (y —
), we see that A, = 1 and, in this case, ¢, ,* = 0

.18 a consequence of (17). An important special case

of (27) is when m = 0. Then, in explicit notation,
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Ao = (O /o)l (Caa) Lo
— Cro/ wano) o’ (4u)/ doia)]}
+ v /oam)l @aa)/ To(eaa@))
= (ro/uano)l Ko’ (ua)/ Kolutna)l}
In this case, we also note that ¢, ,* = 0.

(28)

EXPLICIT FIELD EXPRESSIONS

We now consider the explicit forms for the elec-
tric Hertz potential T], since this is of prime interest
in calculating the fields in the principal plane z = 0.
First of all, we note that this function for p > a
can be split into a primary and secondary portion
as follows:

II = II.. + Il...

The primary component, for ¢ < p < py, i8
IL: = U/m¥ne/10) 2 X Kalutapo)lalitnp)

e (sin Ad)/Aus] cos Aoz 29

For p > pe, the corresponding expression is obtained
by interchanging p, and p. Using a well-known ad-
dition theorem for modified Bessel functions, the
summation over m is readily performed to yield

npr = (I"TO/W'YO) 20 Kolunpa) .
(30)

where ps = [p* + po® — 2ppo cos(dy — ¢)7/2 15 the
radial distance from the observer to the source cur-
rent element,

The secondary part of the electric Hertz potential
in the region p > a is conveniently written

II.. =

[(sin A0/ N,5] cos A,z

—(Ino/7%0) 2 2 [Kn(tinpo)/ Knlitna))

T (,0) Kt p)A e '™ 7 cOs Az 3D

where there is no apparent further simplicity.

To obtain the magnetic field components, we
merely perform the differentiations indicated in (3)
and (4). Restricting attention to the plane z = 0,
it easily follows from (30) that the primary magnetic
fields are

H,”™ = [Ip, sin (¢o — ®)/mpal

23 K(up)lGin A D/ s,

=0

(32)

107

HS = tilp — pvcos (py — ¢)] 7p,l

CY K Msin DA s, (3

nwi

where &, = (2n + 1)=/2s. On the other hand, the
secondary ficids that follow from (31) are

' = /rp) 2o 20 Amal Knltapo)/ Knktna))

M=—x a=0

I () K, p)ime' ™ 7 {(sin X, 0)/\,s] (34)
and
H' = /) 2 2 AwalKnltapol/ Kulto)]

T (uaad, K G pye’™ T [(sin M, D/ A,5] (35)

Using (32) through (35), the total fields are ob-
tained exactly from H, = H»> + H,* and H, =
Hy* + Hy* in the plane z = 0 and for p > a. The
double series expansions in (34) and (35) are rather
cumbersome, but the convergence is rapid when
fval, |yoa], and |y,s| are not excessivcly large com-
pared with unity.

SOME SPECIFIC RESULTS FOR THE
QUASI-STATIC LIMIT

Some simplification is achieved in the low fre-
quency or quasi-static case. For example, if |y.al,
lyop|, and |yape| are all €1, we can effectively re-
place u, by A, everywhere. However, unless |ya| is
also small, we must retain the form for v,. But, of
course, if the cylinder is very highly conducting,
such that |ya| >1, the complicated factor An , can
be replaced by unity in (34) and (35). Thus, in
the case of a perfectly conducting cylinder and in
the quasi-static limit, we can use (32) through (35)
with u, replaced everywhere by A, and A, by unity.
Some numerical data for this case are given below.
To present these results, the reader is referred to
Figure 3, where we have chosen a cartesian co-

He H
y b
: Y
I | o
- *H
; o b -
h: Q (¢° I . Hy
| N §
pa A {d, h,z}
Fig. 3. Cross section {ie., z = ()

plane) of the cylindrical target in the
presence of the current cable.
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orcdinate system (x, y, 2) with the current element at
the origin. The field components H, H, at the
observer are thus obtained from

]

H,
H, = H,sin¢ + H, cos ¢

We can visualize this situation as the scanaing of
the resultant ficlds at the earth's surface (y = 0)
for a buried cylindrical target centered at x = d and
¥ = —h. In view of our quasi-static assumptions, we
have neglected the effects of the induced currents in
the region external to the cylinder.

In Figure 4, we plot the normalized horizontal
field 2«hH /I 3s a function of the normalized hori-
zontal coordinate x/h in the transverse plane z = 0.
Here, we choose a/h = 0.5, d/h = 1, 1/s = 0.5, and
s/h = 2, 10, and «, The case s/h = o is based
on the solution for the corresponding two-dimen-
sional problem of a parallel line source carrying the
same current / (see appendix A). The corresponding
results for 2-hH,/I are illustrated in Figure 5. A
similar set of curves is shown in Figures 6 and 7,
where the only difference is that d/h = 0. This case
corresponds to having the cylindrical target located
directly beneath the current element,

H, cos¢ — Hysing¢

FINAL REMARKS

The general features of the response curves in
Figures 4 through 7 are not surprising. In all cases

s/h=w

-2 - 0 | 2
x/h
Fig. 4. Normalized horizontal mag-

netic field as a function of the hori-

zontal displacement for a buried and

displaced finite cylinder, a/h = 0.5,
dif = 1.0, l/s =05,y = 0.

10
27?th

1 0.8

06
04

02

R

-08

-0.8
~10t=

Fig. 5. Normalized vertical magnetic

field as a function of the horizontal

displacement for a buried and dis-

placed finite c¢ylinder, a/k = 0.5, d/k
=10, l/s=05y=0

they have the form expected for a secondary source
of current induced in the target that tends to oppose
the fields of the primary current. Of particular inter-
est is the fact that the half-lengths of the truncated
cylinder must be greater than a factor of 10 of the
burial depth % before the magnitude of the response

0 ] | 2
x/h

Fig. 6. Horizontal field for a finiie

cylinder buried directly beneath the

source cable, a/i = 0.5, d = 0, I/s =
0.5,y =0.
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ZW:IH}[
10
0.5
9
0
*/h
Fig. 7. Vertical field for a finite

cylinder buried directly beneath the
source cable, a/lh = 0.5, d =0, l/s =
0.5, y=0,

approaches that for an infinite cylinder with the same
transverse dimensions. This is an important factor
to keep in mind when two-dimensional models are
being employed to simulate the scattering from finite
structures.

APPENDIX A: TWO-DIMENSIONAIL MODEL

For comparison: purposes, it is useful to consider
the purely two-dimensional problem of a uniform line
current parallel to a homogeneous circular cylinder
of radius, a, with conductivity « and permeability u
[Wair, 1952 (in equation 13 replace us/u; by fps/pm,
and in equation 14 replace (k =+ n) by n{k = 1)),
1959]. This can be considered as the limit of the
finite cylinder configuration as s — <.

Using cylindrical coordinates (p, ¢, z), the cylinder
is defined by p < a for —« < z < . The line
source is located at p = pp and ¢ = ¢, wWhere py > a.
The primary electric field of the line source has only
a z component, given by

E” = (—iugwl/27) Ko(yopa) (A1)

where

pe = [po’ + »* — 2pep cos (B0 — $)1'” (A2)

The corresponding magnetic field components are
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HS = (1 igw)AE, dp)

= {{lp — pocos @ — ) 2rpulvo Ki(vups) (A
H. = (=~ 1/ piug)OE /d¢)
= [+ Ip, sin (¢n — &) 2mp.kro Ki(vapa) (Ad}

In the quasi-static case where |yops| < 1, these are
expressible in the simpler form

HY = Ilp — po cos (g0 — #))/27p, (AS)

and

pr = Ipy sin (po — ¢)/27|'.0d1 (A6)

Using & previously known solution, we can write
down the corresponding forms for the secondary
fields external to the cylinder. The exact expressions

for the two inagnetic field components for the region
p > aare [Wait, 1952]

H)' = —(I/2=p) E_ Gl K nCyo00)/ K alv0a)]
Iured)e " T 000 K/ (rop)  (AT)
and
B = —/2m0) X qnlKnlropn)/ Kulroa)]
La(yol)e T im Ko(vop)  (AB)
where

gn = { =1/l va)/ Liva)l
+ (/5o (voa)/ Inlye@)l} / LU/ m) 1, Cya)/ £ by a))
- (U’?u)[Km’(‘Yoa)/ Km(’Yna)“ {A9)

2

08

2mhH,

04

x/h

Fig. Al. Normalized field as a func-

tion of the horizontal dispiacement for

a buried infinite cytinder, d/h = 2,
y=0.
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z
zth,
-
i ash=0Q1
\ No Cylinder
x/h
-4 ? 4
: o -

0/h= Q.

Ne Cylinder

-2

Fig. A2. Normalized field as a func-

tion of the horizontal displacement for

a buried infinite cylinder, d/h = 2,
y=0
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a/h= Q.1

03
. NoCylinder

a/h=0l

No Cyfinder

12

Fig. A4d. Normalized field as a func-

tion of the horizontal displacement for

a buried infinite cylinder, d/h = 1,
y=0.

The quasi-static forms for the secondary fields are In the limiting case where we let y, — 0, we see that

then found to be

H' m~ (1/2np) 3 qu@™/pu"p™)

m=l

vcos nlp — ¢g) + Hol''"
and

H' o (= 1/2mp) 3. qul@®™/ 0 p™)
moml

-sin m{g — ¢)
where

Hy'" =~ (I/2xp)g, In (0.8%y0p0)/In (0.89y,a)

2.0

x/h

Fig. A3, Normalized field as a func-

tion of the horizontal displacement for

a buried infinite cylinder, d/h = 1,
y=0.

gn = —1 and g = —1, and Hyy* = —1/(2mp).
Then (A10) and (All) can be summed as ge-
ometric series to give
(A10) HS* = (—1/2xp)
{1 — (@"/pop) cos (b — Po)l/[1 — 2(a’/pup)
~cos (& — ¢u) + (a°/pop)’] (A13)
and
(A1D)

(A12)

x/h

Fig. A5. Normalized field as a func-

tion of the horizontal displacement for

a buried infinite cylinder, d/h = 0,
y=0
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27th! B
I

No Cylinder

[
a/h=0)

¢

0 ? L]

x/h

Fig. A6. Normalized field as a func-
tion of the horizontal displacement for
a buried infinite cylinder, d/h =< 0,

y=20

H = (I/2xp)

1@/ pop) sin (¢ — ¢o)l/[1 — 2(a’/ pop)

“cos (¢ — @) + (a°/ pop)’]

(A14)
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Again, referring to Figure 3, we consider the total
H, and H, components in the plane y = 0, where
now the buried cylinder (of perfect conductivity) is
of infinite length, In Figure Al we show o plot of
2ohH /1 as o function of x/i for d/h = 2, for a/h ==
0.9, and a/h = Q.1. The corresponding results for
2xhH,/1 are shown in Figure A2, Similar curves ure
shown in Figures A3 and A4, where d/h = 1, and
finally in Figures AS and A6 where d/h = 0.
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ELECTROMAGNETIC RESPONSE OF A CONDUCTIN G’CYJLINDE R
OF FINITE LENGTH

DAVID . HILL* and

RESUMEN

Los campos electromagnéticos ¢ calculan pars un cllindro finito, excitado por una fusnte
circular y, para propésitos de comparacién, medianto excitacibn de una fuente lineal. Estos
resultados también se comparan con los del caso del cilindro infinito. Se encuentra que la
importancia relativa de Ia componentt con simetz{a acimutal de 1a corrients disminuye
cuando e} cilindro es finito, Este articulo ha side motivade por las convincentes sugersncias
de S, K. Singh relativas u la posible importancia de la comlente con simetria acimutal
inducida en cuerpos alargedos de minerales, por algunas configuraciones de fuentes electro-
magnéticas utilizadas en 1a exploracién geofisica.

ABSTRACT

The electromagnetic fields are calculated for a truncated cylinder excited by a loop source
and, for comparision, for excitation by a line source. These reslts are also compared with
the infinite cylinder case. It is found that the relative importance of the azimuthallr
symmetric component of the current is diminished when the cylinder is truncated. This paper
is prompted by the cogent suggest:ons of 8.K. Singh concerning the possible importance of
the symmetrical current induced in elongated ore bodies by certain electromagnetic source
configurations used in geophysical exploration,

* Institute for Telecommunication Sciences, Office of Telecommunications.

** Cooperative Institute for Research in Environmental Sciences University of Colorado,

fc\faﬁoual Oceanic and Atmospheric Administration U.S. Department of Commerce, Boulder,
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INTRODUCTION

In a previous analysis (Wait and Hill 1973), we formulated the
boundary value problem of a truncated cylindrical region excited by
a:specified distribution-of electric current over a concentric cylindri-
cal surface. Preliminary numerical results were given for excitation by
an electric line source of finite length. Here we consider the
extension for excitation by a long slender loop. Also we examine the
importance of the azimuthally symmetric component of the current
induced in the cylinder. The effect of truncation and type of
excitation on the azimuthaily symmetric current component provides
insight to the scattering mechanism for scatterers of finite length.
Quantitative information on this subject is important from the
standpoint of determining the performance of electromagnetic source
location schemes in mine -rescue operations. For example, we can
anticipate major distortions of the surface fields for a buried source if
metallic conductors, such as pipes and rails, are in the vicinity. It is
also possibie that the truncated cylinder could serve as a convenient
model] for an elongated sulphide metallic body that is to be detected
by a grounded or non-grounded e.m. exploration technique.

FORMULATION

For the sake of simplicity, we consider a perfectly conducting
cylinder excited by a finite line source as shown in Figure 1. The
cylinder occupies the space p < a and [z] <'s, and the region external
to the cylinder (p > a) has conductivity o, and magnetic permeability
#,. The problem is made tractable by requiring that the normal
current density be zero at the two horizontal surfaces where |z] = s.
This condition requires that the normal electric field is also zero at
Iz} = s. Because of this cor ition, we are not actually treating an
isolated finite cylinder, but we expect the solution to tell us
something about the effects of truncation.

If we excite the cylinder with a z-directed line current, [ exp (iwt),
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from z = ¢ to z = + , then the solution is even about z = 0. The
pr

primary magnetic field components, Hp and H¢ , are given by (Wait

and Hill, 1973).

sin A, £
l!l

o0
1p, sin (¢, — ¢) - '
Hp‘ = 2 E Kl (unpd)

P o,

u, COsA,z, (H

n=0

i

TR _ sin A,
Hpr _1p —p, cos (s, —9)] E K, (u,04) ! u, CosA,zZ

¢ - TPy An
n=0 .

Where py = [p% * p} — 2 pp, cos ($o — 9)I%,

>
]

o = 20+ 1a/(28), u =[A2 +42 14,
vy S lwpu, o,

and K, is a modified Bessel function of the second kind. The
secondary magnetic fields, H},“ and H’?‘F" are given by

D I ‘
seC —
Hy E : E ' @,2) K, 0, ) K, (uyp)im . .,

m=-00 p=(

. sin A, 2
explim(¢, — ¢)] X

COs A, 2z, (2)

n
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1 = = L (u,a) .
HE =7 L L Ky gy | (UnPe) UaKim Chae)
MO0 n=0

sin A, ¢
a8

ex.p[im(‘o - ¢)] cos lnz:

where I, is a modified Bessel function of the first kind. The general
expressions for the secondary fields of a cylinder of finite conductivi-
ty are given by Wait and Hill (1973).

If we consider two oppostely directed line sources to approximate
a long siender loop source, then the line source solutions for the
primary and secondary fields are directly applicable. If the positive
line source is located at (p,, ¢ 1) and the negative line source is
located at (p;, ¢), thea the secondary fields for ioop excitation,
HE®<, are given by |

™ o™ -H™
P P P
%4 574
| e
$ =6 o
e i e
¢ s . ¢
po = pD . pO = pl:
% = o, $ =¢°
o , o 0

where H”c and I-f;c are given by (2).
P
Since we are particularly interested in the behavior of the azimuth-
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ally symmetric (m = Q) term of the secondary field, it is useful to
examine the behavior of this term analytically as the loop width w
goes to zero. For the case of broadside excitation (p}, = p ;) the loop
width w is equal to p A, where A is the angular separation of the two
line sources. We examine only the ¢ component, since the p compo-

g:
nent of the secondary field has no m = 0 term. The limit of H = as
w (or A) goes to zero is ¢

£, sec c sec ud L]
% T l cps 27 - 270 4
P ¢ =9 + 3 ] ¢°—¢° ) o A (4

By noting that 3/d ¢ introduces a factor im in (2), we conclude
that the m = 0 term is not excited by broadside excitation.

For the case of end-on excitation (¢+ = ¢ ~), we again examine
the result as w goes to zero. In this case, the limit of Hﬁ"“ is given by

HQ',sec - H:C

" "H:c w v

p =8 - dp (5)

w
po_pn+2 [ 2 [

By Examing (5) and (2), we note that the m = 0 term is excited by
end-on excitation. '

Since the effect of truncation on the secondary fields is of interest,
it is useful to examine the iimit of an infinite cylinder. If we let 2 = s
and let s approach %, then u_ approaches y o and A approaches
zero, Consequently, the n summation in (2) reduces to
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oD . oo
sind,s =~ 2

E AnS n_E 2041 37 o (6)
n=0 ’ n=0 ’

where a sumrriation formula by Wheelon (1968) has been used. By
applying (6) to (12), the secondary fields for an infinite cylinder,

sec 00

H, and H’¢°°‘°°, are found to be

I I, (r,2)
sec, 90 — m\Yo )
He - 2up E K, (1,2) K (Y6 Po) K (v, p)sm-...
M= OO

exp {im(¢, — ¢}, (N

ch.mz_L m. l‘.‘.‘_(z_ﬂ I{m( ) K’( ) :
¢ 27 K_ (7,2) Yo Pol Yo Ry WYoP) -

mMa=— oo

eXb [im(éo — ¢)}

The results in (7) agree with the known two dimensional result (Wait,
1952; 1959).

NUMERICAL RESULTS FOR LINE SOURCE EXCITATION
It is useful to examine some numerical results for line source
excitation before examining loop e :itation. The special geometry for
numerical results is shown in Figure 2 with the line source at the
origin of a cartesian coordinate system x, y, z. The magnetic field
components H, and H, are obtained from



118

GEOFISICA INTERNACIONAL

H, = H, cos¢ — H, sin ¢ (8)

H, = Hp sin ¢ + H¢cos¢

All results are computed for an observer on the x-axis. Consequently,
the situation could involve scanning the vertical and horizontal
magnetic fields (H, and H,) at the earth’s surface (y = 0) for a
buried cylinder centered at x = d and y = —h.

In Figure 3, we show the magnitude of the normalized vertical
secondary magnetic field 2ah H}*°|/I as well as the m = 0 term for
an infinite cylinder. For all cases in this section, we choose d =0, a/h
= 0.5, and k hl= 0.5. Since d = 0, the curves are symmetrical about
x=0. In Figure 4, we show the magnitude of the normalized
horizontal magnetic field 2xh|H}°°|/I as well as the m = O term for
an infinite cylinder. Results in Figures 3 and 4 are obtained from (7)
and (8). : .

In Figure 5, we show the case similar to that of Figure 3, but for
a truncated cylinder with sfh = 2.0 and /s = 0.5. Note that the
relative importance of the m = 0 terms is somewhat reduced here due
to the truncation of the cylinder. In Figure 6, we show the case
similar to that in Figure 4, but again for a truncated cylinder with
sth = 2.0 and 2/s = 0.5. Again the relative magnitude of the m = 0
term is somewhat reduced due to the truncation. Results in Figures 5
and 6 are obtained from (2) and (8). '

NUMERICAL RESULTS FOR LOOP EXCITATION

The geometry for loop excitation is also shown in Figure 2. The
positive line source is located on the x-axis at x = w/2 and the
negative line source is on the x-axis at x = — w/f2, The required
values of p},, pg, ¢, , and ¢, are given by:

¥
ot = [h? + (d—w/2)’]% » pg = [ + (d + w2)r] , ...
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¢, = tan~ ! [R)(—d + W/2)],¢7 = tan~ ! (hf(—d — w/2)]. (9)

The resuits in this section are obtained from (3) and (8). We again
can visualize the situation as scanning the vertical and horizontal
magnetic field components at the surface (y=0) for a buried
-cylinder with a loop excitation. One possible reason for using a loop
is that no grounding of the current-carrying cable is required.

In Figures 7 and 8, we show the magnitudes of the vertical and
honzontal secondary normalized components, 2wh2iHQ *°Cii(w I) and
21 h? {Hy ""l/(w I), for an infinite cylinder. Again we haw chosen afh
=0.5 and lyohl = 0.5, but we have taken d/h equal to 0.5 so that the

= 0 term will be nonzero. We can see from (4) that the m =0
term would be zero for d = O because p!, would equal p . Also, while
the m = 0 terms are symmetric about x/h = 0.5, the total secondary
fields are not.

In Figures 9 and 10, we show the same- cases for a truncated
cylinder with sfh = 2.0 and f/s = 0.5, and the results are quite similar
to those in Figures 7 and 8. The total field which would be measured
includes also a primary vertical component from the loop.

FINAL REMARKS

The results for loop excitation in Figures 7-10 are qualitatively
similar to those for line source excitation in Figures 3-6, but they
show a reduced importance of the azimuthally symmetric m = 0
term. Of course the primary fields of the loop are quite different
and, as a resuit, the measured vertical component would differ
considerably from that of a line source.

Also it has been demonstrated in Figures 3, 6, 9, and 10, that
truncation of the cylinder results in a reduced magnitude of them =0
term. This is expected on physic | reasoning since the symmetric
current must be zero at the ends, but other currents could flow up
one side of the cylinder and down the other. As pointed out by
Singh (1973),’it is important to consider the effect of the m = 0
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term since it may be very significant. It’s effect was ignored in an
early paper (Wait 1952) on the subject, although the general theory
given there contained it.

The numerical results shown in Figs. 3 to 10 inclusive are
restricted to the value hy hl= 0.5. This is a typical value of the
parameter when the surrounding medium is finitely conducting. As
pointed out by Singh (1973), this parameter should not be assumed
zero when modelling ore bodies immersed by country rock. However,
the conclusions and general nature of our results are not affected by
the precise value of | v, h[. To illustrate this point, we illustrate the
effect of finite y, for the infinite cylinder case and for line source
excitation only in Figs. 11 and 12 with the pertinent parameters
indicated on the figure. Corresponding curves for a truncated cylinder
are illustrated in Figs. 13 and 14. Here the case y, = 0 corresponds to a
purely static condition. The general theoretical results given by Wait
and Hill (1973) also allow the effect of finite conductivity of the
cylinder to be accounted for. We plan to carry out these calculations
in the near future,
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" Figure 1. Geometry for a finite length cylinder and line source.

loop source

line source |
R e
: \é/\ > A
h

p=a (d -h Z)

Figure 2. Special geometry for numerical results, both line source and loop excitation.
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Figure 3. Normalized vertical sccondary magnetic field of an infintie cylinder for line source
excitation. All numerical results are for y and z equal zero. i
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Figure 4. Normalized horizontal secondary magnetic field of an infinite cylinder for line
source excitation.
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Figure 5. Normalized vertical secondary magnetic field of a truncated cylinder for line source
excitation, _
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secC
2mhlHy |
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Figure 6. Normalized horizoniai secondary magnetic field of a truncated cylinder for line
source excitation.
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nnﬂr:ln‘e cylinder

Figura 7. Normalized verticai secondary magnetic fie
excitation.

1d of an infinite cylinder for loop
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mfnrte cylinder

Figure 8. Normalized horizontal secondary magnetic field of an infinite cylinder for loop
excitation.
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Figure 9. Normalized vertical secondary mamet:c field of a truncated cylinder for loop
excitation.
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F:gu:ulo Normalized horizontal secondary magnetic fiold of a truncated cylinder for loop
excitation
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Figure 11. Effect of 7y, on the horizontal magnetic field for the infinite cylinder case.
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Figure 12. Effect of 7y, on the magnitude of the ratio of vertical to horizontal magnetic field
(infinite cylinder case). '
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Pigure 13, Effect of 7o On the horizontal magnetic field for the truncated cylinder case.
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Figure 14, Effect of 7, on the magnitude of the ratio of vertical to horizontal magnetic field
(truncated cylinder case), '
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Perturbation of magnetic dipole fields by a perfectly
conducting prolate spheroid

David A. Hill and James R. Wait

Institute for Telecommunication Sciences, Office of Telecommunications,
US Department of Commerce, Boulder, Colorado 80302

{Received September 6, 1973.)

The effect of a perfectly conducting prolate sphercid on the surface fields of a buried
vertical magnetic dipole is examined in the quasi-static case. When the spheroid is in the
vicinity of the source and near the surface, the errors introduced in source location can be
significant. The results have possible application to rescue operations following coal mine

disasters and in similar situations.

INTRODUCTION

The feasibility of locating a buried vertical mag-
netic dipole source (horizontal loop) from surface
measurcments of the vertical and horizontal mag-
netic field components has been investigated by
Wait [1971]. For sufficiently low frequencies the air-
earth interface has a ncgligible effect and a single
obscrvation of the complex ratio of the vertical and
horizontal field components is sufficient for source
location. Inhomogeneities in the earth distort the
surface ficlds and may lead to errors in source loca-
tion. To provide insight into this problem, the effect
of a spherical inhomogencity has been investigated
|Hitl and Wait, 1973].

Here we examine the effect of a perfectly conduct-
ing prolate spheroid for the case where the frequency
is sufficiently low that currents in the surrounding
medium can be neglected. Consequently, the situa-
tion reduces to a magnetostatic problem, and an exact
solution is available [Wair, 1960]. The prolate
spheroid is considered to be a reasonable model to
study the influence of a finite or bounded conductor
such as a metal pipe, railway conductor, or even an
ore vein. At least it is not so idealized as a sphere.

FORMULATION

The geometry of the spheroid and source dipole
is shown in Figure 1. The prolate spheroid is
centered at the origin of a Cartesian coordinate sys-
tem (x, y, 2}, and its major axis is coincident with
the z axis. The semiminor axis a, semimajor axis b,
and semifocal distance ¢ are rclated by

Copyright & 1974 by the American Geophysical lnion.

c == (b.’ — aﬂ)l/;! (1)

The prolate spheroidal coordinates are (, 8, ¢) and
the surface of the spheroid is defined by » = 4,
where

o= [1 — (a/by'T"" @

The boundary condition on the spheroid is that
the normal component of the magnetic field must
vanish. The resultant solution for the magnetic po-

tential ¥ of 2 magnetic point charge X located at
(«, ¥, 4"} is [Waiz, 1960]:

Q= (K/41r)[l/R ~ }: Z M.

= =1

AP (10)/Q." (1)@ ()P, (8) cos mip — ¢’)] (3)
where

M,, = [e.(—=1)"/c¥2n 4+ 1)
A — my PO (7 IPT(E)

{l, m =10

€& =

2, m=0
R=J{x—xY+0-yY+E—="

P, and ' L are associated Legendre functions of
degree n and order m of the first and second kind,
and prime denotes differcntiation with respect to the
argument. The definitions of P, and @," follow
those of Smyvihe [1968].

The magnetic field H of a y-directed magnetic
dipole of strength Kdl is given by
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H = —~dIV{3/ay)0 (4)
In order to simplify the results, we restrict both the
source and the observer to the equatorial plane (z
= z’ = 0) as shown in Figure 1. Consequently, H.
= 0 and H, is given by [Wait, 1960]

= (Kdl/4r){[3(y = ¥')V/R — 1/R%)

+ (1/¢) Z; 2., (=1 (5)
(2n + Ditn — m)/(n + PP (5)/Q. (7))

P O) V."}

where

V" = Q" (@ (n') cos mig — ¢")E[(sin ¢)/cl(n® — 1)'*/n} {i(sin ")/ell(n")’
+ Q. (MO (n"ym* cos md — ¢ ) [(cos )/cl(n’
— Q.(MQ." (1) sin m(@ — ¢"){[(cos $)/c)n® —
+ O™ (MR (1ym sin mlp — o) I(sin ¢)/c)(n*

The following similar expression for H. can be de-
rived by applying (4) to {3):

H, = (Kdi/‘hr){—f!(x — xy — yHR’

+ (1/c) E )'_‘, em(—1)"
(2n + Dl — m}l/(n + a)IPLP" (0)/ Q. (1))
-[P,"(O)] W,’“} (6)

where

W™ = Q," (mQ." (1) cos mid — ¢")f[(cos )/cl(n’
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y
N Hx T Magnetic
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}— x%—-{
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Spheroid
Fig. 1. Geometry for source and obscrver in the

equatorial plane of a prolate spheroid (z = 0).
The imagined earth-air interface is the plane y =
¥4

— 11 /9"}
— 1) *}H{(cos @")/eH(n'y — 17774
17} Hsin ¢7)/clin’) — 117/ 7'}

— D7 cos ¢)/ell(n’)* — 171777}

— DY/ 9} Utsin ¢")/elin')* —

NUMERICAL RESULTS

For the interesting case when both the source and
observer are reasonably close to the observer, a
large number of terms are required to achieve con-
vergence of the summations in (5) and (6). Con-
sequently, a computer subroutine was written for
P,» which utilizes forward rccurrence in » and m,
and a subroutine was written for @, which utilizes
backward recurrence in # and forward recurrence in
m. The derivatives P,»" and Q" are casjly obtained
in terms of P,” and Q,”. Computed values for P,",
Q.m P.™, and Q,™ checked exactly with tabulated

177 /9"

— Q.M. (' ym’ cos mig — ¢ [(sin gy/ci(n’ — 17"} {(cos ¢")/elln'y - 1] 7

+ Q.G (i sin mig — ¢} [(sin @)/cln® — 1) ¥} iltsin ")/ d(n")
+ 0.7 MR )m sin m@ — ¢'){[(cos @)/cln' — 17 /0t (cos ¢')/ellln'y -

The prolate spheroidal coordinates required in (5)
and (6) arc related to the Cartesian coordinates by:

¢ =tan"' (b/x), 0 = M) + ¥ + M ()

¢ = tan ' O /x') 0 = (O + ') + )7

. thut the houndary condition was satisfied

. |[""f.f.q’i

‘l l/’I

six-figure valucs [Natiomal Bureats of Standurds,
1945]. A computer program for 1. and I, in (%)
and (6) was then written and checked by requiring

at the
surface of the spheroid (4 = 4,).
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Fig. 2. Ratio of vertical 1o horizontal magnetic

field component for a prolate spheroid which is

tangent (o the inferface; x'/s = 2, y'/fs = —0.5,
and a/s = 0.5,

If we imagine that the carth-zir interface is lo-
cated at ¥ = v + " as shown in Figure 1, then H,
and H, arc the vertical and horizontal magnetic field
components that would be measured in a souree lo-
cation scheme. Since the ratio of vertical to hori-
zontal componcnts has been suggested as a useful
quantity [Wair, 1971), the ratic H,/H, is shown
as a function of x in Figure 2 for a/s = 2, y'/s =
—0.5, and x"/s = 2. Since the spheroid is tangent to
the interface at x = 0, the vertical component H,
is Zero at x = 0. Note that a slightly larger anomaly
occurs for the longer spheroid (h/a = 2). Resuls
for the same case with the spheroid buried (v = 0)
are shown in Figure 3. The anomuly in H,/H, is
somewhat weaker, but it occurs over a larger hori-
zontai range.

CONCLUDING REMARKS

The cxact quasi-static solution for a magnetic
dipole in the presence of a perfectly conducting pro-

DIPOLE FIELD PERTURBATION

[

No Spheroid

Fig. 3. Ratio of vertical 1o horizonial magnetic
field component for a buried prolate spheroid;
/s=2,y =0, a/s = 0.5.

late spheroid has been used to calculate the pertur-
bation of magnetic field components. Results in
Figures 2 and 3 indicate that significant errors in
source location could result when the spheroid is in
the vicinity of the source und close to the interface.

REFERENCES

Wi, D. A and ). R. Wait (1973), The electromagnetic

response of a buried sphere for buried dipole excitation.
Radio Sei., 8(8), in press.

Mational Bureau of Standards (19453, Tables of Associated
Legendre Functions, 300 pp., Columbia University Press,
New York. ;

Smythe, W. R. (1968), Stutic and Dwnamic Electricity, 3rd
ed., pp. 144-152, McGraw-Hill, New York,

Wait, J. R. (1960), Some solutions for electromagnetic
problems involving spheroidal, spherical, and cylindsical
bodies, J. Res. Nat. Bur. Stand., 64B(1), 15-32. (In this
reference. in equation 12 and the following equations
—ad/dy" should be +4/av" for a dipole in the positive v
diraction.) .

Wait, J. R. (1971), Criteria ..v locating an oscillating
magnetic dipole in the earth, Proc. IEEE, 59(18),
1033-1035,



137

Rivista Italiana di Geofisica, Vol. XXII, N. 5/6,
' pp. 421-424 (1973)

Perturbation of Magnetic Dipole Field
by a Finitely Conducting Circular Cylinder

by Davip A. HirL & James R, Warr (*)

Introduction.

Location of a buried vertical magnetic dipole source
(horizontal loop) from surface measurements of the
vertical and horizontal magnetic field components has
been investigated by Wait (!). The air-earth interface
has a negligible effect at sufficiently low frequencies,
and the source locations can be determined from a

single observation of the complex ratio of vertical
and horizontal magnetic field components, However,
inhomogeneities in the earth distort the surface fields

The fields inside the cylinder are a solution of the
wave equation, and the exterior fields are a solution
of Laplace’s equation. The boundary conditions arc
that the normal flux and the tangential fields are conti-
nuous at the cylinder boundary. The resulrant solution
for the magnetic potential {2 of a magnetic point charge
K located at (x', y', 2') for both source and observer
outside the cylinder is [Wait ()]:

i

Am (B) Km (| 1| 9" Km (| k| p)exp[—z‘hcz—z’ndhexp[—fm<¢—¢'>1;,

where

R =[x —#) + & — 90 + (s — 7P,

3

(1) Am (R) = — -

and cause errors in source location. Effects of spherical
(HiL. & Wart (3)] and prolate spheroidal [HiiL &
Warr (?)] inhomogeneities have been investigated,
Here we examine the effect of a finitely conducting
circular cylinder for the case where the frequency is

. - e ”;,2'\{2 I
slm(jhla)——-(u!un) In (x a) + it 7
RGN 9 ("3)| -, Im(7|hfﬂ)ﬂ
- - m?y? I Ku (| k] a)
Kan{| k| a) — (fpe) ITR(“")_E'%qth -
arRtat pn(xa) -
Y
Hy
= = I—ﬁ* }' - }Mcgﬂetic
¢s / Dipole
sl *‘k(l"ylvo)

sufficiently low that currents in the surrounding medium
can be neglected. The circular cylinder should be a
rcasonable model for long conductors such as metal
pipes, metal tracks, or even ore veins. Also, the compa-
rison with the prolate spheroid is of interest in deter-
mining the effect of finite length of the scatterer.
Also, of course, this comparison serves as an excellent
check on the numerical calculations since the two
representations are basically different.

Formulation,

The geometry of the cylinder and source dipole are
shown in Fig. 1. The axis of the cylinder coincides
with the 2z axis of a Cartesian coordinate system
(%, 3, 2). The cylinder has conductivity o and permea-
bility u while the external region has permeability (1,.
All displacement currents are neglected.

{*) Institute for Telecommunication Sciences, Office of
Telecommunications, U. 8. Department of Commerce,
Boulder, Colorado 80302, USA.

- =

“Cirevler cylinder

Fig. 1 - Geometry for source and observer in the plane 4 0.

’

The :ragined earth-air interface is the plane v vy -

and

a = (v} 4 KL, Yo (et
L' ()

It = 20 " K ()

e e

Here p and ¢ are standard cylindrical coordinates, and
Im and Ko are modified Bessel functions of order m.
A time dependence exp (iw¢) is assumed, Note that
for a perfectly conducting cylinder (| e w),
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Am (h) reduces 1o

Im(lk]a)
(2) Am (4) ”m“g)—

‘a—» ©

The magnetic field H of a y~ directed magnetic
dipole of strength Kdl for p > a, is given by

— 7}
(3) H=—dV_—0
dy

In order to simplify the results, we restrict both the
source and observer to the cquatorial plane (z = 2" =
0). Consequently, H.=o0 and H, is given by
[Wart (4)]:

13 » 1 "o

_ Kdil Y30 —y) I *
= “ R® F]_ - /

(4)

g Mmm—© w

A computer program was written to cvaluate H, and
H;in (4} and (5) with the time-saving features described
above. The case of a perfectly conducting cylinder
was checked by requiring that the normal magnetic
field was zero at the cylinder boundary (p == a). A
partial check was obtained for finite ya by checking
Awm (h) with previous values {Wart (9)].

If we imagine that the earth-air interface is located
at y = s + »" as shown in Figure 1, then H, and H,
are the vertical and horizontal magnetic field compo-
nents which would be measured in a source location
scheme. Since the ratio of vertical and horizontal
components has been suggested as a useful quantity
[Warr (W), Hy/H. 1s shown as a function of x in Fi-
gure 2 for |y|a = 0, afs =2, y'/s = —o0.5, and
x'fs = 2. Also shown are results for a prolate spheroid
of axial ratio b/ with the major axis coincident with

Anm (R) [thK'mtlhf p)siné———";"ikm(ihi p)cos¢] x

X [{h! Kan(lh]sDsindg’ + —?—Km(jhl ) cos;:b‘] dhexp[—im(ri)—d)')}% .

The following similar expression can be derived by
applying (3) 10 (1);

the z-axis [HiLL & Wart (*)]. Both the spheroids and
the cylinder are tangent to the interface at x = o,

—_—' — I ) [ ;
wo KA Q0= e=a L og [ an [ihlx'muhlp)coswﬂxm(ih:p)sm«bJ .
4 ( R T m--.aou_w. p

(s)

X | A K] k] e)sing + —:;—IKm ([ k] ¢ cos@,:’}dhexp[—im(tb—-@’)]% .

Numerical results.

For the interesting case where both the source and
observer are close to the cylinder, a large number of
terms are required in the m summations in (4) and
(5); also the k& integration must be performed nume-
ricaily. Consequently, the computer time can become
excessive. Fortunately, the m summation can be con-
verted t0 run over positive values only by using the
following relationships:

{6)
I_m (Oﬁ) == Im (CX), Kﬂn (G) = Km (tl), A‘m (h) = Am (h) '

Also, the % integral can be taken over just positive
values of h since the integrands are even in h. A further
saving is made possible by interchanging the order
of summation and integration since the modified Bessel
functions required in the summation are quickly gene-
rated by recurrence (forward for K» and backward
for Im). The remaining % integral is well behaved.
The integrand approaches a constant as & approaches
zero and decays exponentiaily as & becomes large as
long as the source and observer are not both on the
cylinder.

xl
s 72
y
< =-0.5
a
?=O.5
Iria =
L\ | % 2
051+ N~
-0
-5

Fig. 2 = Ratio of verrical ro horizonral magnetic field for a
scatterer (cylinder or prolate spheroid) which is tangent o the
fnterface.
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Fig. 3 — Ratio of vertical to horizontal magnetic field for
a buried scatterer (cylinder or prolate sphercid).

and the vertical component is zero. Results for the
same case with the scatterer buried (y' = o) are shown
in Figure 3, and the anomaly in H,/H: is somewhat
weaker.

The effect of finite |y |a for g = i, is illustrated
in Figure 4 for the same geometry as in Figure 2.
Note that a cylinder with |vy|a = 10 looks ncarly

L \v A 3
-2 -l o] | 4

X
5

Fig. 4 - Ratio of vertical to horizontal magnetic field for a
finitely conducting cylinder which is parallel to the interface.
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perfectly conducting. The field components are real
for |vy!a =0 where no scattering occurs and for
| v | @ = oo where the scattered field is in phase with
the primary field. For general |+ |, the scattered
field is complex, and the nulls in the total field are
partly filled in, This could make source location morg
difficult.

Concluding remarks.

The exact quasi-static solution for a magnetic dipole
in the presence of a finitely conducting circular cylinder
has been use to calculate the perturbation of magnetic
field components. Results in Figures 2, 3, and 4 indi-
cate that significant errors could resuit in source location
when the spheroid is in the vicinity of the source and
close to the interface.

Comparison of the anomalies caused by cylinders
and prolate spheroids in Figures 2 and 3, indicates
that the infinite cylinder is a fairly good model for
finite length scatterers when the magnetic dipole source
and the observer ate in the equatorial plane. Such
was not the case for a finite electric line source excitation
[Warr & Hir (3}

The effect of conduction currents in the overburden
(but not the interface effect) could be included by
using the general dyadic Green’s function [Tar (%)].
The effect of the interface is difficult to compute even
for the two dimensional problem of line source exci-
tation [Wair (*); Howarp (*)]. However, for thin cy-
linders, HowarD (%) has indicated that the interface
effect in the three dimensional problem might be best
handled by an interaction technique in transform
space with the resultant solution given by a double
fast Fourier transform.
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Summary — The effect of a finitely conducting circular
cylinder on the surface fields of a buried vertical magnetic
dipole is examined in the quasi-static regime. Results are

compared with previous results for the prolate spheroid.
When the cylindrical conductor is near the surface in the

- vicinity of the source, significant errors can resulr in source

location. The results have possible application 1 rescue
operations following mine disasters.
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Propagation Under the Earth's Surface (A Review)

by

James R, Wait
Cooperative Institute for Research In Environmental Sciences
University of Colorado
Boulder, Colorado 80302

In this paper we review theoretical model concepts im through-the-earth trans-
mission of electromagnetic waves. While the subject is very broad in its defined
scope, we will be conacious of the specific applications' to mine rescue and emer-
gency telecommunications in coal mine environments. Without pretending to be
entirely impartial we include a critique of the limitations of the available ana-
lytical models.

The central problem 1s to calculate the steady state mutual impedance of a
four-terminal network that is the black box characterizing the through-the-~earth
path. Problems of secondary importance include the determination of the input
impedances of the two pairs of terminals and the associated transient responses.

Z

1 Zm z2

- 7 )
m

< -0

The simple equivalent circuit given tells us a lot about the problem that we are
seeking a solution for. The mutual impedance Z_ describes the propagation phen-
omena involved in transmission from input (sourcg) to the output (receiver). Z

and Z, , on the other hand, are the input impedances. Clearly the latter are

needed 'in a total systems study since we have only a finite amount of power available
at the source and the receiver must be matched in some sense to the output terminals
of the receiving antenna.

Most of the past literature deals with the calculation or merely the derivation

of the mutual impedance Z_ for some highly idealized geometrical configuration.
m . .

For example, the source for an ungrounded loop is a magnetic dipole that is assigned
a fixed magnetic moment. In the most extreme case this magnetic dipole is an infin-
itesimally small loop (of area dA) with a total circulating current I amps. The
moment is TdA! Now we can still use this concept for a multi-turn loop if I is the
total azimuthal current and provided the uniform current assumption is valid. Also,
of course, we recognize that the finite size of the loop needs to be accounted for
in some cases.

In some of the earliest work the fields of this dipole were calculated as if the
conduction currents in the earth were negligible. Of course, this is a useful begin-
ning. The next refinement was to correct these magneto-static fields by assuming
that we need only multiply them by exp(-s/6) where s was the transmission range and
§ was the skin-depth in the earth for the operating frequency being adopted. With
the benefit of hindsight we can criticize this correction as being grossly pessimistic
for many cases of interest to mine rescue or to communication to a receiving station
above or below the source loap.

By using the correct electrodynamic forms of the magnetic dipole flelds in an
homogenecus conductive medium of infinite extent, we can obtain a better estimstc of
the relevant value of Zm . For example, if we are transmitting between two small
coaxial loops, we can easily show that Z = Z (1 + T's)exp(-Ts) where T = (1 + 1)6
and Zo is the static or D.C. coupling limit. °

1
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Now usually the transmission takes place from the earth's surface to a buried
receiving terminal. Or the converse situation may exist if we are dealing with L
link communication. In both cases the air-earth interface must be considered. Here
we can immediately call attention to the classical formulation of Arnold Sommerfeld
that dates back to 1909 in its earliest version. This was used as the basis of many
analyses in later years but the interest was mainly for the case where the range
exceeded a free-space wavelength., Here we are interested in the near zone where the
significant distances are small compared with the wavelength in the air but such dis-
tances (i.e. depth or offset) may be comparable with the wavelength in the earth.
This is '"quasi-statics"” in the vernacular of the current workers. To obtain field
estimates we now have to perform some integrations. Fortunately it was found that
identities in Bessel function theory, recognized by mathematicians of the late 19th
Century, were ripe for the picking. Thus some closed form field expressions were
obtained and published in the 1950's for a fairly broad class of such problems.
Numerical results required the manipulation of modified Bessel functions whose argu-
ments were complex. Fortunately for cases of interest, the phase angles were near
nf4 radians so that the tabulated Thomson's functions could be used. These are
sometimes called the Kelvin functions and denoted ber, bei, kei, etc.

With the ready availability of high speed computers, the use of intricate closed
form field formulas is giving way to direct numerical integration of the Sommerfeld
integrals. This is satisfactory provided the programmer has some limiting checks or
if he can vefer back to some of the earlier work where the more elegant closed-form
expressions in terms of special functions are used. Also, as has been indicated
recently for finite~length source elements, the special function representations for
the dipole source is a convenient starting point. Otherwise double numerical inte-
gration is needed!

As mentioned above, the air-earth interface problem is treated by regarding the
overburden as a homogeneous half-gpace. A rather straight-forward extension is the
stratified half-space wherein the intermediate jinterfaces are plane and parallel to
the air-earth interface. Further extensions involve electric dipoles rather than
magnetic dipoles. These are appropriate when dealing with grounded electrodes con-
nected by insulated cables. No new basic difficulties are encountered here,

In the class of problems discussed above, all three of the impedance elements
Zm, Z, and Z., , are determinable. Thus, in principle, a complete determination
or prediction of the system performance is possible. This includes down-link com-
munication efficiency and estimates of source location accuracy for the models assumed.

Traditionally, the source current is assumed to vary harmonically in time. For
dealing with transient excitation or in estimating signalling rate we need to under-
stand the time~domain behavior of the system. Formally this is obtained by Fourier
or Laplace transform inversion of the preceding transfer functions. In general, this
is not a trivial task. However, some rather interesting closed-form results can be
obtained if the original spatial wave number integration be deferred until after the
Laplace transforms are inverted.

Now that the homogeneous and stratified half-space models have been exhausted,
it is appropriate to consider more realistic situations. For example, the earth's
surface is not always flat. One approach to allow for this situation, is to adapt
cylindrical and spherical boundaries. 1In such cases, the local radius of curvature
is chosen to match roughly the local topography. Results of calculations from such
models indicated that transmission ranges were not markedly affected but that source
location errors could be significant. An even simpler method conceptually was to
retain the uniform half-space model but to allow the plane interference to be tilted
at such an angle that the local slope of the terrain was matched. Further analytical
work on such models is justified since much insight can be gained without excessive
numerical effort. Unfortunately, formally exact solutions for such models are strictly
limited. One class of boundary that could be treated for line source excitation is
a parabolic or hyperbolic interface. The three dimensional version involving dipoles
in the presence of a paraboliodal interface is extremely intricate but it may be
worth doing.
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One must clearly recognize that the overburden is not a homogeneous slab whether
it be bounded by plane or uniformly curved interfaces. Thus, the influence of omni-
present inhomogeneities needs to be understood. An extreme case is when metallic

tracks and pipes are in the vicinity of the normal transmission path. To treat such
configurations, two dimensional models have been used. An example is the line

source excited buried cylinder of infinite length. This is not a trivial problem
if one considers the inter-actions between the buried cylindrical inhomogeneity
and the air-earth interface. Two specific analytical techniques have been used
to get numerical results for this problem. One is essentially a perturbation
procedure that involves successive reflections between the cylinder and the plane
" interface, while the other is a sophisticated integral equation procedure. The
results between those methods agree in a common region of validity. The extension
to three dimensional versions of these problems 1s nontrivial. Some progress has
been made, however, in using perturbation procedures, An example is the buried
sphere in the presence of a surfzce based dipole source. Some work has also been
done on cylinders of finite length where certain assumptions were made about the
nature of the axial induced current flow at the ends of the cylinder. Among other
things, this analysis showed that predictions based on infinite cylinders may be
quite misleading.

Within the scope of these analytical techniques, we encompass both active and
passive location concepts. In the active method, of course, the unknown source is
energized by the to-be-rescued party. On the other hand, in the passive method,
the target to be located is typically a loop of wire or a similar configuration.
Various geometries, for such problems, have been considered in both the frequency
and the time domain.

The foregoing account of theoretical analyses of electromagnetic induction
problems is, by no means, claimed te be exhaustive. The selection has been based
mainly on work that the author is familar with., Many of the source papers are to
be found in Radio Setence, the Journal of the U.S. National Committee of URSI.

Some recent offerings on this and related subjects from this writer and his
colleagues are:

x "Array technique for electromagnetic positional determination of a buried receiving
point", J.R. Wait, Electronic Letters, Vol. 7, No. 8, 186-187, 22 April 1971.

¥ "Criteria for locating an oscillating magnetic dipole buried in the earth"”, J.R. Wait,
Proc. IEEE (Letters), Vol. 59, No. 6, 1033-1035, June 1971.

"Electromagnetic~pulse propagation in a etmple dispersive medium', Electronic
Letters, Vol. 7, No. 11, 285-286, 3 June 1971, J.R. Wait.

"Transtent excitation of the earth by a line source of current", J.R. Wait, Proc.
IEEE (Letters), Vol. 59, No. 8, 1287-1288, August 1971.

* "Electromagnetic induction technique for locating a .uried source”, J.R. Wait,
IEEE Trans. Gecsci. Elect., Vol. GE-9, No. 2, 95-98, April 1971.

¥ "I'ransient signals from a buried magnétic dipole”, J.R. Wait and D.A, Hill, J. Appl.
Phys., Vol. 42, No. 10, 3866-3869, September 1971.

"In situ measurements of the complex propagation constant in rocks for frequencies
from 1 MHz to 10 Mhz", R.N. Grubb and J.R. Wait, Elect. Letters, Vol. 7, No. 17,
506-507, 26 August 1971,

* "Subsurface electromugnetic fields of a line source on a conducting half-space",
Radio Sci., Vol. 6, Nos. 8-9, 781-786, Aug.-Sept. 1971, J.R. Wait and K.P. Spies.

* "Electromagnetic fields of a emall loop buried in a stratified earth”, J.R. Wait
and K.P. Spies, IEEE Trans., Vol. AP-19, No. 5, 717~718, September 1971.
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"On radio propagation through the earth", J.R. Wait and J.A. Fuller, IEEE Trans.,
Vol. AP-19, No. 6, 796-798, November 1971.

"Analytical investigations of electromagnetic wave propagation in the earth's
erust”, J.R. Wait, in The Structure and Physical Properties of the Earth's Crust,
lgecé. Jig_;ll-leacock), pPp. 315-324 (Geophys. Mono Series, Vol. l4, AGU, Washington,
(R R L) ) .
* "Influence of carth curvature on the subsurface electromagnetic fields of a line
source”, J.R. Wait, Elect. Letters, Vol. 7, No. 23, 697-699, 18 November 1971.

"Subsurface electromagnetic telecommunication - A review', R. Gabillard, P. Degauque,
and J.R. Wait, IEEE Trans., Vol. COM-19, No. 6, 1217-1228, December 1971.

"Transient dipole radiation in a conducting medium", J.R. Wait, Revista Brasileira
de Tecnologia, Vol. 3, No. 1, 29-37, March 1972.

¥ "The effect of a buried conductor on the subsurface fields for line source excita-
tion", J.R. Wait, Radio Science, Vol. 7, No. 5, 587-591, May 1972.

"On the theory of transient electromagnetic sounding over a stratified earth”,
J.R. Wait, Can. J. Phys., Vol. 50, No. 11, 1055-1061, 1 June 1972.

* "The sub-surface magnetic fields produced by a line current source on a non-flat
earth", J.R. Wait and R.E. Wilkerson, PAGEOPH, Vol. 95, No. III, 150-156, 1972.

“"On caleulating transient electromagnetic fields of a small current-carrying loop
over a homogeneous earth', J.R. Wait and R.H. Ott, PAGEOPH, Vol. 95, No. III, 157-
162, 1972,

"Absorption mode for ELF electromagnetie propagation in the earth-crust waveguide",
J.R. Wait, Elect. Letters, Vol. 8, No. 11, 292-294, 1 June 1972,

x "Transient magnetic fields produced by a step-function-excited loop buried in the
‘earth”, J.R. Wait and D.A. Hill, Electronic Letters, Vol. 8, No. 11, 294-295,
1 June 1972.

* "Subsurface electromagnetic fields of a circular loop of current located above
ground’, J.R. Wait and K.P. Spies, IEEE Trans., Vol. AP-20, No. 4, 520-522, July 1972.

"Electromagnetic pulse transmission in homogeneous dispersive rock"”, J.A. Fuller

"Attenuation of electromagnetic waves in the earth-crust waveguide from ELF to VLF",
J.R. Wait and K.P. Spies, Radio Science (Letters), Vol. 7, No. 6, 689-690, June 1972.

"EM Coupling of coaxial and coplanar loope in uniform dissipative media", J.A. Fuller
and J.R. Wait, Proc. IEEE (Letters), Vol. 60, No. 8, 993-994, August 1972.

* "Locating an oscillating magnetic dipole in the earth", J.R. Wait, Electronic
Letters, Vol. 8, No. 16, 404-406, 10 August 1972.

"Theory of electromagnetic reflection from a parallel grid of dielectrie coated
wires buried in the earth"”, J.R. Wait, Can. J. Phys., Ve . 50, No. 18, 2149-2157,
September 1972.

* "Electromagnetic surface fields produced by a pulse-excited loop buried in the earth",
J.R. Wait and D.A. Hill, J. Appl. Phys., Vol. 43, No. 10, 3988-3991, October 1972.

"Electromagnetic wave propagation along a buried insulated wire", J.R., Wait, Can.
J. Phys., Vol. 50, No. 20, 2402-2409, 15 October 1972.

Argand representations of the mutual electromagnetic coupling of loops on a two-
layer earth”, J.R. Wait and J.A. Fuller, Geoexplor., Vol. 10, 221-227, 1972,

* "Transient electromagnetic fields of a finite cireular loop in the presence of a
conducting half-space”, J.R. Wait and D.A. Hill, J. Appl. Phys., Vol. 43, No. 11,
4532-4534, November 1972.

"Electromagnetic transient response of a small wire loop buried in a conducting
earth, D.A. Hill and J.R. Wait, Pure and Appl. Geophys., 105(IV), 869-878, 1973.
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"Dipole excitation of ultralow-frequency electromagnetic waves in the earth crust
wave guide”, J.R. Wait and K.P. Spies, JGR, Vol. 77, No. 35, 7118-7120, 10 Dec. 1972.

"§igh frequency electromagnetic coupling between small coplanar loops over an
inhomogeneous ground”, J.A. Fuller and J.R. Wait, Geophys., Veol. 37, No. 6, 997-1004,
December 1972.

"Electromagnetic propagdtion in an idealized earth crust waveguide, Part II",
J.R. Wait and K.P. Spies, PAGEOPH, Vol. 101, No., IX, 188-193, 1972.

MResistanoe of carth cleetrodes™, J.R. Wait, Elect. Letters, Vol. 9, No. 4, 90-91,
22 February 1973, :

"Mutual electromagnetic coupling of coaxial loope in a borehole”, J.A. Fuller and
J.R. Wait, Radio Science, Vol. 8, No. 5, 453-457, May 1973.

"Ipansmission line theory for an insulated linear antemna in a fluid-or-air-filled
borehole", J.R. Wait and J,A. Fuller, Appl. Phys., Vol. 1, 311-316, June 1973.

x "Subsurface electromagnetic fields of a grounded cable of finite length', Can. Journ.
of Phys., Vol. 51, Ne. 14, 1534-1540, 1973, D.A., Hill and J.R. Wait.

* "Low-frequency impedance of a eircular loop over a conducting ground”, J.R. Wait
and K.P. Spies, Electromics Letters, Vol. 9, No. 15, 346-348, 26th July 1973.

* "Electromagnetic transient response of a small wire loop buried in a homogeneous
conducting earth”, D.A. Hill and J.R. Wait, PAGEOPH, Vol. 105, 869-878, 1973/1IV,

% "The electromagnetic veeponse of a buried sphere for buried-dipole excitation”,
D.A. Hill and J.R. Wait, Radio Science, Vol. 8, Nos. 8-9, 813-818, August-Sept. 1973.

x "Subsurface electromagnetic fields of a line source on a two-layer earth", J.R. Wait
and K.P. Spies, Radio Science, Vol. 8, Nos. 8-9, 805-810, August-Sept. 1973.

"Range dependence of the surface impedance for a line-gource excited two-layer earth”,
J.R. Wait and K.P. Spies, IEEE Trans., AP-21, No. 6, Nov. 1973.

¥ "Excitation of a homogeneous cylinder of finite length by a prescribed axial
current distribution”, J.R. Wait and D.A. Hill, Radio Science, Vol. 8, No. 12,
December 1973.

* "Sub-surface electric fields of a grounded cable of finite length for both frequency
and time domain”, D.A. Hill and J.R. Wait, Pure and Applied Geophysics, (in press).

* "Electromagnetic response of a conducting cylinder of finite length”, D.A. Hill
and J.R. Wait, Geofisica Internacional (Mexico) (in press). -

“ELF propagation along a horiaontal wire located above or buried in the earth",
D.C. Chang and J.R. Wait, IEEE Trans., CS (in press).

* . . . »
Pem:“urbatwn of magnetic dipole field by a finitely conducting eirveular
ceylinder, D.A. Hill and J.R. Wait, Rivista Italian-, di Geofiaica, Vol. 22
No. 5/6, 391-394, 1973,

Those marked with an asterik are included in this reprint collection.
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LISTING OF PRELIMINARY REPORTS 10
U.S. BUREAU OF MINES ON CONTRACT NO. H0122061
THAT RELATE TO EM LOCATION AND DOWN-AND UP-LINK COMMUNLCATION

Electromagnetic transient response of a small wire loop buried in a homogeneous
conducting earth, D.A. Hill and J.R. Wait, 1 July 1972.

Locating an oscillating magnetic dipole in the earth, J.R. Wait, 10 August 1972.

Electromagnetic surface fields produced by a pulse-excited loop buried in the earih,
J.BR. Wait and D.A. Hill, October 1972.

Transient magnetic fields produced by a step-function excited loop buried in the
earth, J.R. Wait and D.A. Hill, October 1972.

The electromagnetic response of a buried sphere for buried dzpole excitation,
David A. Hill and James R. Wait, 15 January 1973.

Subsurface electromagnetic fields of a grounded cable of finite Zength David A. Hill
and James R. Wait, 7 February 1973.

Sub-surface electromagnetic fields of a line source on a two-layer earth, J.R. Wait
and K.P. Spies, {(including Special Report of same title with Numerical Tables),
22 February 1973.

Subsurface electric fields of a grounded cable of finite length for both frequency
and time dbmain, David A. Hill and James R. Wait, 15 March 1973.

Note on the surface impedance and wave tilt for a Ztne souPce excited two—layer earth,
James R. Wait, 6 April 1973.

Electromagnetic surface fields of an inclined buried cable of finite length,
David A. Hill, 20 April 1973.

Diffusion of electromagnetic pulses into the earth from a line source, D. A. Hill and
J.R. Wait, 11 May 1973.

Low frequency impedance of a circular loop over a conducting ground, James R. Wait
and Kenneth P. Spies, 18 June 1973.

Supplementary tables ‘relating to low frequency impedance of a circular loop over a
conducting ground, James R. Wait and Kenneth P. Spies, 7 Ju v 1973.

Exeitation of a -homogencous conductive cylinder of finite length by a prescribed
azntal ceurrent distribution, James R. Wait and David A. Hill, 10 July 1973.

State of knowledge of analytical techwniques for thru-the-ecrth electromagnetic wave
problems relevant to mine rescue, James R. Wait, 16 July 1973.

Electromagnetic response of a conducting cyZznder of finite length, David A. Hill
and James R. Wait, 1 August 1973.

Perturbation of magnetic dipole filelds by a perfectly conducting prolate spheroid,
David A. Hill and James R. Wait, 22 August 1973.
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Calculations of sub-surface grounded cable and loop sources for comparison with
fortheoming experimental data, James R. Wait and David A. Hill, 19 September 1973.

Perturbation of magnetie dipole fields by a finitely eonducting circular cylinder,
David A. Hill and James R. Wait, 23 November 1973.

Effect of a spherical scatterer on EM source location, David A. Hill, 14 January 1574.

NOTE: 1Issuances prior to 1 July 1972 are not listed here.
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